
Statistics of Shape via Principal Component Analysis on Lie Groups∗

P. Thomas Fletcher†, Conglin Lu and Sarang Joshi
Medical Image and Display Analysis Group,

University of North Carolina

Abstract

Principal component analysis has proven to be useful for
understanding geometric variability in populations of pa-
rameterized objects. The statistical framework is well un-
derstood when the parameters of the objects are elements
of a Euclidean vector space. This is certainly the case when
the objects are described via landmarks or as a dense col-
lection of boundary points. We have been developing repre-
sentations of geometry based on the medial axis description
or m-rep. Although this description has proven to be effec-
tive, the medial parameters are not naturally elements of
a Euclidean space. In this paper we show that medial de-
scriptions are in fact elements of a Lie group. We develop
methodology based on Lie groups for the statistical analysis
of medially-defined anatomical objects.

1. Introduction

Shape analysis is emerging as an important area of image
processing and computer vision. Model-based approaches
[4, 3, 20, 12] are popular due to their ability to robustly rep-
resent objects found in images. Principal component analy-
sis (PCA) [10] is a prevalent technique for describing model
variability. However, PCA is only applicable when model
parameters are elements of a Euclidean vector space.

The focus of our research has been the application of
shape analysis for medical image processing to improve
both the accuracy of medical diagnosis as well as the under-
standing of processes behind growth and disease [5]. In our
previous work [11] we have developed methodology based
on medial descriptions called m-reps to quantify shape vari-
ability and explain it in intuitive terms such as local thick-
ness, bending and widening.

In this paper we show that m-rep models are elements
of a Lie group. We develop a framework that extends the
notion of PCA to Lie groups, and we apply it to the sta-
tistical analysis of shape using medial representations. As
the medial representation is fundamental to our analysis, we
describe it briefly.
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Figure 1: Medial atom with a cross-section of the boundary
surface it implies (left). An m-rep model of a kidney and its
boundary surface (right).

1.1. M-Rep Overview

The medial representation used is based on the medial axis
of Blum [1]. In this framework, a geometric object is repre-
sented as a set of connected continuous medial manifolds.
For 3D objects these medial manifolds are formed by the
centers of all spheres that are interior to the object and tan-
gent to the object’s boundary at two or more points. The
medial description is defined by the centers of the inscribed
spheres and by the associated scalar field of their radii. Each
continuous segment of the medial manifold represents a me-
dial figure. In this paper we focus on 3D objects that can be
represented by a single medial figure.

We sample the medial manifoldM over a spatially reg-
ular lattice. Each sample point also includes first derivative
information of the medial position and radius. The elements
of this lattice are calledmedial atoms. A medial atom (Fig.
1) is defined as a 4-tuplem = {x, r,F, θ}, consisting of:
x ∈ R3, the center of the inscribed sphere,r ∈ R+, the
local width defined as the radius of the sphere,F ∈ SO(3)
an orthonormal local frame parameterized by(b,b⊥,n),
wheren is the normal to the medial manifold,b is the di-
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