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INTRODUCTION

There are a number of constructions which begin with a (piecewise) smooth
object and associate to it a singular set which contains information regarding the
relative position, geometry and shape for the original object. Examples are the
“conflict set” (Maxwell set) associated to a parametrized family of smooth functions,
the Voronoi set (skeleton) associated to a collection of regions with (piecewise)
smooth boundaries, the caustic set for wave front evolution, and the shock set for
hyperbolic equations. Several of these methods are used for analyzing shapes in
computer imaging and vision, e.g. the Blum medial axis [BN], chordal locus of
Brady and Asada, [BA] and arc-segment medial axis of Leyton[Le].

FI1GURE 1. Skeletal Structure and Associated Boundary

Of these the prominent method introduced by Blum identifies the locus of centers
of circles in 2D (or spheres in 3D) which are contained in the object and are tangent
in at least two points (or having a single degenerate tangency). This locus is called
the Blum medial axis (also called the “central set”in mathematics literature, see
Yomdin [Y]). It can alternately be described as the Maxwell set (conflict set) for
the “distance to the boundary”function as in Mather [M2], or the shock set for the
“grassfire flow”as in Kimia-Tannenbaum- Zucker [KTZ]. Weakening the inclusion
requirement leads to a more general “symmetry set” of Bruce-Giblin—Gibson [BGG].
The definitions naturally extend to higher dimensions.

The medial axis is a prototype for the examples we consider. In the generic case
it is a Whitney stratified set on which are defined associated geometric structures
containing additional geometric information. There is a multivalued radial vector
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field U from points of the medial axis M to the corresponding points of tangency
on the boundary and the radial distance function r = ||U||. As well there are
differential geometric properties of M; and in 2D and 3D there is associated a
natural frame field on M defined using a normal vector field and the gradient of r
(see [P3]).

To treat the medial structure (i.e. medial axis and its associated structure(s))
as an intrinsic object of interest, we must be able to perform operations on it and
obtain medial-like structures which have associated smooth boundaries for which we
can deduce geometric properties. For example, we would like: to replace the medial
axis by an approximation (using e.g. Kimia et al [KTZ], Szekley et al [SN], or Siddiqi
et al [SB]); to be able to deform the medial structure (rather than the entire object)
for comparison with that of another object; to replace the medial axis by a simpler
structure which emphasizes certain features (e.g. the “M-rep”representation of
Pizer and coworkers [P1]); or in combination with statistical methods for medical
and biological problems, to determine for a population of objects an “average medial
structure” which exhibits averages and principal components of properties of the
individual medial structures, and from which they can be obtained as perturbations
[P2].

However, there is no guarantee that beginning with medial structures of smooth
boundaries, that the resulting structure will be a medial structure of an associated
boundary, nor that the associated boundary need be smooth (see Fig. 2). Fur-
thermore, we ask how can we determine the geometric properties of the resulting
associated boundary? In this paper our goal is to give answers to these questions.

F1GURE 2. TFailure of Smoothness for the Boundary Associated
to a Skeletal Structure

We introduce as a fundamental object a skeletal structure (M,U) in R, It
consists of an n—dimensional skeletal set M C R**! (which will be a special type of
Whitney stratified set) and multivalued vector field U on M. We relax many of the
conditions usually satisfied by Blum medial axes such as, for example, not requiring
that all vectors from a point in M have the same length; nor do we require that M
only exhibit the properties normally exhibited by generic medial axes.

Associated to such a skeletal structure we define an associated boundary B via
a radial map on M. To determine the smoothness and geometric properties of B,
we define for a skeletal structure a radial shape operator S,,q and on edge points of
M an edge shape operator Sg. A compatibility condition for U is introduced using
a compatibility 1-form ny which relates the direction of U with the gradient of its
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magnitude r (as U is multivalued so is 5y). The shape operators we define are not
shape operators in the usual differential geometric sense but rather measure how
U bends relative to M, resp. OM, without explicitly introducing the differential
geometry of M or O0M. Our shape operators need not be self-adjoint.

In this first part of the paper, we provide (necessary and) sufficient conditions in
terms of the radial and edge shape operators and a compatibility condition that the
boundary B is smooth. In the second part [D1], we use the same shape operators
to determine in the Blum case the differential geometric shape operator for the
boundary. This allows us to compute all of the intrinsic geometry of the boundary
in terms of the medial data. In the last part [D2], we apply the results to give
for 1D and 2D medial axes, specific formulas for the geometry of the boundary of
objects in terms of medial data. In particular, we define on the medial axis using
only the unit radial vector field a “geometric medial map”which reveals the main
geometric features of the boundary at the corresponding points. This includes both
intrinsic differential geometry and geometry relative to the medial axis and allows
comparison of boundary geometry purely from medial data.

The sufficient conditions for smoothness involve three conditions. For the first,
we let k,; denote the principal radial curvatures which are the eigenvalues of the
radial shape operator. Second, we also consider the principal edge curvatures kg ;
which are generalized eigenvalues of the edge shape operator.

We consider a skeletal structure (M,U) which satisfies the following three con-
ditions :

(1) (Radial Curvature Condition ) For all points of M off 0M

1
r <min{—} for all principal positive radial curvatures t; ;

T

(2) (Edge Condition ) For all points of &M (closure of OM)

r < min{ }  for all positive principal edge curvatures kg ;

KEi
(3) (Compatibility Condition ) For all singular points of M (which includes edge
points), ny = 0.
The Radial Curvature and Compatibility Conditions involve choices of values for
U and hence are multi-valued conditions at each point. In the radial curvature
condition it is to be understood that the r value associated to a given value of U
satisfies the inequality for the shape operator associated to that value. Thus, at
smooth points of M, we have inequalities corresponding to each side of M.

Then, we show (Theorem 2.5) that the associated boundary B is an immersed
topological manifold which is smooth at all points except possibly those correspond-
ing to singular points of M (the set of singular points is denoted Mginy); and at
those points B is weakly C' (which means that it has a unique well-defined limiting
tangent plane at these points — this implies it is C' at points coming from strata of
M of codimension 1). Furthermore, the map from smooth points of B by projec-
tion along the lines of U will be a local diffeomorphism onto the smooth part of M.
Also, B will only fail to be an embedded manifold due to the nonlocal intersection
of points corresponding to distant parts of M. Hence, if there are no such nonlocal
intersections, B is an embedded submanifold.

To establish the smoothness, we consider a “radial flow” which is a type of “back-
ward flow” of the grassfire/level-set flow. However, neither the flow nor its level sets
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are smooth but rather they are “stratified”. While the radial flow can be defined
locally on one side of M, to define the flow globally, we introduce the “double of
M”on which is defined a “normal bundle’to M. We then use the global radial
flow defined on the normal bundle to prove that the skeletal set M has a “tubular
neighborhood” (Theorem 5.1). The boundary B is obtained from the boundary of
the tubular neighborhood by flowing out by the radial flow.

The radial flow is an important part of the total geometric structure and reveals
the role of the three conditions. The first two conditions allow us to control the local
behavior of the radial flow, ensuring that singularities do not develop from smooth
points (as in Fig. 2), nor further singularities from singular nor edge points. These
conditions are necessary to ensure the level sets of the flow project diffeomorphically
along the direction of U onto the smooth points of M. These conditions are shown
to be necessary in the Blum case.

While the first two conditions are open conditions and hence robust, the third
compatibility condition is not and reveals an essential feature about the level hy-
persurfaces of the flow. For any time ¢ < 1 the level hypersurfaces are singular at
points coming from the singular points of M (including edge points). The compat-
ibility condition ensures that only at ¢ = 1 when the flow reaches the boundary do
the singularities simultaneously disappear so the boundary becomes weakly C! at
the points corresponding to singular points of M.

In the second part of this paper we shall determine the geometric properties
of the boundary in the Blum case. Earlier work sought to relate the differential
geometry of the boundary with that of the medial axis modified by differential
properties of r. We shall see that a more direct approach follows from analyzing
the evolution of these radial and edge shape operators under the radial flow, yielding
simple expressions for the differential geometric shape operator on the boundary.
As well this allows us to determine the effect of “distorting” diffeomorphisms of the
medial structure on the associated boundary via its modification of these operators.

This author would like to thank Stephen Pizer, his coworkers including Sarang
Joshi, and students Paul Yushkevich, Andrew Thall, and Tom Fletcher, whose
work concerning the geometric and smoothness properties of boundary in terms of
the differential geometry of the medial axis in the Blum case, raised questions for
more general “medial structures”, leading to the methods and results the author
introduces here.
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1. SKELETAL STRUCTURES

Skeletal Sets. We begin by defining exactly what we mean by “skeletal structures”.
These will include the Blum medial axes in the generic case (as well as many non-
generic cases). We consider Whitney stratified sets satisfying extra conditions. We
recall a Whitney stratified set M may be represented as a union of disjoint smooth
strata M, satisying the axiom of the frontier: if Mz N M, # @, then Mg C My;
and Whitney’s conditions a) and b) (which involve limiting properties of tangent
planes and secant lines). For example, for generic boundaries,the Blum medial axis
is a Whitney stratified set. This follows from basic properties of Whitney stratified
sets (see e. g. [M1] or[Gi]) together with results of Mather [M2] on the distance to
the boundary function.

We let M,., denote the points in the top dimensional strata (this is the dimension
n of M and these points are the “smooth points”of M). Also, we let M,;,, denote
the union of the remaining strata, and M denote the subset of M,;,, consisting
of points of M at which M is locally an n manifold with boundary, with the points
being boundary points. We refer instead to these points as edge points to not
confuse them with the “boundary associated to M”, that we will shortly define.
The points of closure of M will be called edge closure points. The closure of
OM will be denoted M. An example of an edge closure point is a “fin creation
point”for the Blum medial axis (see Fig. 6).

Three important consequences of M being a Whitney stratified set are: i) for
xo € Mying and B.(z0) a closed ball of radius € about zg for sufficiently small & > 0,
the pair (B.(z0), M NB.(xy)) is homeomorphic to the cone on (S.(x¢), M NS, (o)),
for S:(zo) the sphere of radius ¢ (also M N S.(z¢) is again a Whitney stratified
set and is called the link of M at xo); ii) the local topological structure of M
in a sufficiently small neighborhood of z¢ is independent of points z¢ in a given
connected component of a stratum M, of M; and iii) M can be triangulated ( see
e.g. Goresky [Go] or Verona [V]).

As a consequence, the connected components of B (zg)\M are well-defined and
will be called the complementary local components for xy. Also, the connected
components of (B.(zo) N M,.,) are also well-defined. We refer to these as the
neighboring local components of xo. By adding the complement of M and refining
the strata of M into connected components, we obtain a Whitney stratification of
R"*+1. Then, in a sufficiently small open neighborhood W of zg, the boundary of
a complementary local component C; for g will locally be a union of neighboring
local components of zyg. We denote this by 0C;. We will assume from now on that
we have a Whitney stratification with these properties.

If T =limT,, M exists for z; € M.y and limz; = 2, then we refer to T as a
limiting tangent space at xg.

Definition 1.1. An n—dimensional compact Whitney stratified set M C R**+! is
a skeletal set if

(1) For each local neighboring component M, of zy € Mg, there is a unique
limiting tangent space Ty 5, M from sequences of points in M, (by proper-
ties of Whitney stratified sets Ty, Mg C Ty 5o M),

(2) locally in a neighborhood of a singular point z¢, M may be expressed as
a union of (smooth) n-manifolds with boundaries and corners M, where
two such intersect only on boundary facets (faces, edges etc.).
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(3) if 29 € OM then those M; in (2) meeting M meet it in an n—1 dimensional
facet.

We refer to the M; as local manifold components for xo. If M; meets OM in an
n — 1 dimensional facet, we call it an local edge manifold component for xy.

Example 1.2. In R2?, a skeletal set which exhibits the generic properties for the
Blum medial axis only has simple branching as shown in Fig. 3. A general skeletal
set M in R? can consist of any finite collection of smooth curve segments which only
meet at their end points, as in Fig. 4. Two consecutive curve segments meeting at
a branch point separate off a complementary component C;.

In R3, models for the generic local behavior for Blum medial axes at nonsmooth
points are given in Fig. 6. To illustrate the terminology we consider a fin creation
point zg as in ¢) of fig. 6. There are 2 local complementary components, one above
and one below M. The local components of z¢ are decomposed into 5 local manifold
components, 4 curved retangular components and a curved triangular component,
which is the only edge manifold component for zy. Possible more general skeletal
sets are given in Fig. 7.

For a general skeletal set M C R3, the link of a singular point z¢ is a one
dimensional Whitney stratified set in a two sphere, L C S2. L consists of a finite
number of smooth curve segments which only meet at the ends, i.e. it is a skeletal
set in S2.

The connected components C} of S?\L correspond to the local complementary
components C; of xg.

a) Medial Axis b) Radial Vector Field

FIGURE 3. Blum Medial axis in R? and associated Radial Vector Field

FIGURE 4. Example of General Skeletal Set in R?






