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INTRODUCTION

In the first part of this paper, we introduced the notion of a skeletal structure
(M,U) as a generalization of the Blum medial axis M of a region with smooth
boundary. It consists of a Whitney stratified set M together with the multivalued
radial vector field U from points of M to the corresponding points of tangency on
the boundary, e.g. Fig. 1.

FIGURE 1. Blum Medial Axis giving a Skeletal Structure of an Object

We may write U = r - U; for a unit vector field U; and radius function r. For
such skeletal structures we introduced a radial shape operator S,,4, an edge shape
operator Sg and a compatibility 1- form 7ny. Associated to S,qq are the “principal
radial curvatures” k,;, the eigenvalues of S,.,4, and to Sg the “principal edge
curvatures” kg ;, which are generalized eigenvalues of Sg.

Using these objects we gave a trio of conditions: Radial Curvature Condition,
Edge Condition, and Compatibility Condition, which are (necessary and) sufficient
to ensure that the “associated boundary”B is smooth. The skeletal set M and
associated boundary B are naturally related by a radial map defined using the
radial vector field U. The radial map is the time one map of an associated “radial
flow”from M to B. The three conditions control the properties of the radial flow.
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In this second part we investigate the geometry of the associated boundary B in
the “partial Blum case”. This requires only one of the conditions which M must
satisfy to be a Blum medial axis; namely, the radial vector is orthogonal to the
boundary, which is guaranteed by a “compatibility condition”.

In the partial Blum case, if the radius function is constant on an open set of M,
then it follows that U is orthogonal to M. Thus, the boundary is a parallel man-
ifold whose geometry is determined in a standard way from M (see e.g. [Sp, Vol
ITI, Chap 3]). When r is not constant (and U is no longer orthogonal to M), there
are more complicated relations between the differential geometry of the boundary
and that of the medial axis. These relations also involve derivative properties of
the radius function 7. The 2D case for boundary curves originated with [BN]. For
boundary surfaces in 3D, Nackman and Pizer obtained formulas for the Gauss-
ian and Mean curvatures of the boundary [Na] [NaP]. In the opposite direction,
differential geometric properties of the medial axis has been obtained from the dif-
ferential geometry of the boundary by Siersma, Sotomayor, and Garcia [Si] [SSG].
Actually in both of these cases the relationship is with the differential geometry of
a parallel surface of the boundary.

We take a different approach to this problem which directly considers the “geom-
etry of the radial vector field”as expressed by the radial and edge shape operators.
To understand the geometry of the boundary we determine how the radial shape
operator for level hypersurfaces B; evolves under the radial flow, obtaining an ex-
pression in terms of the initial radial shape operator S,.q (and the edge shape
operator for points corresponding to the edge of M). This allows us to explicitly
determine the differential geometry of the boundary B. When the compatibility
condition holds on an open subset W of smooth points of M, the lines along U
from this set intersect B orthogonally so we are partially in the Blum situation. In
this case, we explicitly express (in Theorem 3.2) the differential geometric shape
operator Sp of B on the subset corresponding to W by

Spw = (I—7Sy)"'Sy

where Sy denotes a matrix representation of S,,q with respect to a basis v, and
Sp s is a matrix representation with respect to an associated basis v/. From this
we deduce formulas for the principal curvatures k; of B in terms of the principal
radial curvatures k,; and conversely

K; = 71‘ or Kri = 71.
(3 T

1=7-Kpq)
(in particular, although S,.4 is not self-adjoint, it can be diagonalized with real
eigenvalues). In addition, we show the radial flow sends the eigendirections of Syqq
to the principal normal directions of B.

In the case of “crest points”on the boundary, which correspond to edge points of
the medial axis, we obtain an analogous result expressing the differential geometric
shape operator of B at a crest point in terms of the edge shape operator Sg+ by
Sgvt = (In-11 —rSev) ' Skv, where I, 11 is obtained from the identity matrix
by replacing the last element by 0. However, there is not such a simple relationship
between the principal curvatures of B and the principal edge curvatures.

We then determine the relation between the differential geometry of B and that of
the medial axis M via S;,4. In Proposition 4.1 we give a relation between S,,4 and
Smed, the differential geometric shape operator of M. This relation also involves a
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“radial Hessian operator” H, as well as an additional non—selfadjoint operator Z. In
light of the formulas we obtain in terms of Sy, this explains the added complications
in computing the differential geometric shape operator Sp of the boundary in terms
of Smed-

Second, we determine in §5 the effect of a “deforming diffeomorphism” ¢ of (an
arbitrarily small neighborhood of) the skeletal structure (M, U) to yield a skeletal
structure (M',V) = (p(M),dp(U)). We introduce a radial distortion operator
Qo v and edge distortion operator Qg o, defined in terms of the second derivative
of ¢ at points on M. A third operator E, measures the failure of ¢ preserving
orthogonality to the skeletal set at edge points. Then, we measure the change in
the radial and edge shape operators as a result of applying . With respect to a
basis v for T,,M with associated basis v’ in image are given by Theorem 5.4

Sy =0(Sy +Qpv) and Sgv =0(Sev+QEev+ Eyv)

where o is a “radial scaling factor”relating ||U|| and [|V]|.

Hence, these distortion operators allow us to determine whether the radial cur-
vature and edge conditions for smoothness of the associated boundary of the image
(M',V) continue to hold. Also, for diffeomorphisms which satisfy a radial rigidity
condition we show that the compatibility 1-form pushes forward to be the compati-
bility one form of the image skeletal structure (¢(M), dp(U)). This implies that the
compatibility condition is unaltered by such a diffeomorphism. Thus, we deduce
sufficient conditions that applying a diffeomorphism to a skeletal structure will yield
a skeletal structure which still satisfies the three conditions for the smoothness of
the associated boundary (Theorem 5.7).

Moreover, in light of the above results we are able to determine in terms of
the initial radial and edge shape operators and the distortion operators on the
inital Blum medial axis, the changes in the differential geometric properties of the
associated boundary for the image. What is rather surprising is how the changes
in differential geometric properties under diffeomorphisms can be reduced to a
“linear relation” combined with the specific nonlinear relation between radial shape
operators and geometric shape operators for the boundary.
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1. PRELIMINARIES: SHAPE OPERATORS AND RADIAL FLow

We recall from part I [D1] that beginning with a skeletal structure (M,U) in
R, we associate a boundary B = {z + U(z) : € M all valuesof U}. A
standard example we consider will be the Blum medial axis M of a region Q with
generic smooth boundary B and its associated (multivalued) radial vector field U.
Then, the associated boundary B we consider here will be the initial boundary of the
object. We relate the boundary and skeletal set via the radial flow and the radial
map which is the time one map of the radial flow. To define these globally requires
the introduction of the “double of M”; however, in the neighborhood W of a point
o € M with a smooth single-valued choice for U, we define a local representation
of the radial flow by ¢ (z) = z + ¢t - U(x), and the radial map ¢, (z) = = + U ().

We define for the skeletal structure (M, U):

Radial Shape Operator: At a non—edge point zg of M with a choice of smooth
value of U, we define

. OU
Sraa(v) = —proju(—5-)

where proj;; denotes projection onto T, M along U (in general, this is not orthog-
onal projection). Sy denotes the matrix representation of S,,q with respect to a
basis v = {v1,...,vn}. The principal radial curvatures k,; are the eigenvalues of

1. . .
written in vector notation (see

U
Sred- This allows us to write the derivatives 3
v;

(2.2) of [D1])
o,

(1.1) S

A, U —ST.v

U . . oU
where —2 is a column vector with vector entries —1, A, -U; denotes the column

ov 611,-

vector with entries a; - Ui. We abuse notation to also let v denote a column vector
with i—th entry the vector v;. Using this we compute the derivative of the radial
flow (see (4.2) of [D1]).

O

(1.2) =

= tdr(v)+r-A) U +IT —tr-S,)"-v

0 0
where O and dr(v) are column vectors with i—th entries 8—11/)}7-5’ resp. dr(v;).

ov
Edge Shape Operator: For an edge point xg, with a smooth V;Llue of U defined on

a neighborhood of z¢ (corresponding to one side of M), and a normal vector field
n to M, we define
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Here proj’ denotes projection onto T,,0M® < n > along U (again this is not
orthogonal). Let v = {v1,...,v,} be a basis of T, M so that {v1,...,v,_1} is a
basis Ty, 0M, and v, maps under the edge parametrization map to ¢- U for ¢ > 0.
We refer to v as a special basis for Ty, M. Then, Sgv is a matrix representation

of Sg with respect to the basis v in the source and {v1,...,v,—1,n} in the target.
Again by (2.5) of [D1]
ou, T v

where v is the n — 1 dimensional column vector with ¢ entry the vector v;. Then,
the derivative of the radial flow is given by the following (see (4.10) of [D1]).

Qb

(1.4) =

= Ay-Ur+ITy11—tr-Spy)"- (:1)
Here I,_1,1 is the n x n—diagonal matrix with 1’s in the first n — 1 positions and
0 otherwise. The principal edge curvatures Kg; are the generalized eigenvalues of
(SEv,In—1,) (i-e. Asuch that Sgv — A - In_1,1 is singular).

2. EVOLUTION OF THE SHAPE OPERATORS UNDER THE RADIAL FLOW

Evolution of the Radial Shape Operator from Smooth Points. We first consider the
evolution of the radial shape operator under the radial flow. Let zo € M,.g4, and
let {v1,...,v,} be a basis for T, M. We suppose we have chosen a smooth value
of U in a neighborhood of zy. If z¢ is a non—edge singular point, then we can carry
out an analogous argument on a local component for zg.
For a given t, let
vy = dipy(v;) = ?,;Z fori=1,...,n

We suppose that # is not an eigenvalue of S,..q (at zo). Then, by the proof of
Proposition 4.1 of [D1], 4; maps a neighborhood W of zo diffeomorphically to a
smooth submanifold transverse to U(xg). Thus, the image of U along ; remains
transverse in some neighborhood of z, = ¥¢(xo) to W' = (W) C B;. Hence,
it has a well-defined radial shape operator, which we denote by S,.q¢- We will
compute Sy, the matrix representation of Syqq¢ with respect to the basis {v}}.

Proposition 2.1. Suppose that at a smooth point xy € Mg, we have a smooth
value of U and a basis {v;} for Ty, M. Let {vi} denote the image of {v;} under
dipe(zo). If # is not an eigenvalue of the radial shape operator Sy at xq, then the
radial shape operator Sy: for By at xy = ¢(z0) for the corresponding smooth value
of U is given by

(2.1) Syy = ([I—tr-8,)71S,

Proof. To carry out the computation we again use vector notation and let v’ denote
the column vector with i—th entry the vector v;. We wish to compute
oUu;  0Uy

v, Bu;
~(0) = x¢ and derivative ~'(0) = v;. Then, v1(u) = ¥z oy(u) is a curve in W' C B;

o,
ol ”

We first claim To see this, we let y(u) be a curve in W with
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with v, (0) = 2 and derivative 1 (0) = v;. Then, note that one way to compute
oUy  0(Ur ovi)(u) O(Uy o 7y)(u)

ovl Oou lu=0 Oou [u=0

since Uy at ~y1(u) is just the translation of U; at v(u), or

ou,  0Up
2.2 =
(22) ov;  Ov;
Thus, in vector form, % = % Then, first from (1.2),
ov' ov
ouy T
(2.3) v Av-Uy =85, -v
Also, from the calculation of the derivative of the radial flow (1.2),
(2.4) v = % = tdr(v)+r-A)- Ui+ T —tr-S,)'v
Hence, provided # is not an eigenvalue of Sy, (I —tr-S,)7 is invertible, so we may
solve for v and substitute into (2.3), using that ol = Ol to obtain
ov' ov
% T\—1 T

(2.5) v AUy —(I—tr-S,)" 'S, v
where

A, = Ay —t-(I—tr-STY=1ST(dr(v) +7- Ay)

Note that Sy and (I —tr - Sy)~! commute so they may be written in either order.
By the definition of S,.q4: and (2.5) we obtain

s, = (@—tr-S5)ytst
which implies (2.1). O
Principal Radial Curvatures for B;. Then, we can deduce information about the

principal radial curvatures at zj, in terms of those at zo.
Corollary 2.2. Under the assumptions of Proposition 2.1, there is a correspon-
dence (counting multiplicities) between the principal radial curvatures ky; of M at
xo and Kr¢; of By at xf given by

Ky g Krti
(1 —tre,;) (1+trkeeq)
Furthermore, if e; is an eigenvector for the eigenvalue k. ;, then e}, which has the
same coordinates with respect to v' as e; has with respect to v, is an eigenvector
with eigenvalue Ky ;.

Krgi = or equivalently k,; =

Proof. We first use (2.1) to solve for Sy in terms of Sy ¢. From (2.1) we may write
(2.6) Syt = Sy(I+tr-Syry)

Then, (I +tr- Sy ) is also nonsingular, for if there were a vector v so that (I +¢r -
Sy¢)(v) = 0. Then, by (2.6), Sy ¢(v) = 0; and hence, v = I(v) = 0. Thus, we may
use (2.6) to solve for Sy.

(27) Sy = (I +tr- Sy t)_ISv/ t

Now, (2.1) and (2.7) allow us to compare the eigenvalues of Sy and Sy, and thus
the principal radial curvatures. If k,; is an eigenvalue for S, with eigenvector e;,






