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PCA CONSISTENCY IN HIGH DIMENSION, LOW
SAMPLE SIZE CONTEXT
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University of North Carolina at Chapel Hill

Principal Component Analysis (PCA) is an important tool of di-
mension reduction especially when the dimension (or the number of
variables) is very high. Asymptotic studies where the sample size is
fixed, and the dimension grows (i.e. High Dimension, Low Sample
Size (HDLSS)) are becoming increasingly relevant. We investigate
the asymptotic behavior of the Principal Component (PC) directions.
HDLSS asymptotics are used to study consistency, strong inconsis-
tency and subspace consistency. We show that if the first few eigen-
values of a population covariance matrix are large enough compared
to the others, then the corresponding estimated PC directions are
consistent or converge to the appropriate subspace (subspace consis-
tency) and most other PC directions are strongly inconsistent. Broad
sets of sufficient conditions for each of these cases are specified and the
main theorem gives a catalogue of possible combinations. In prepa-
ration for these results, we show that the geometric representation
of HDLSS data holds under general conditions, which includes a p-
mixing condition and a broad range of sphericity measures of the
covariance matrix.

1. Introduction and summary. The High Dimension, Low Sample
Size (HDLSS) data situation occurs in many areas of modern science and the
asymptotic studies of this type of data are becoming increasingly relevant.
We will focus on the case that the dimension d increases while the sample
size n is fixed as done in Hall et al. [7] and Ahn et al. [1]. The d-dimensional
covariance matrix is challenging to analyze in general since the number of
parameters is d(d; 1), which increases even faster than d. Instead of assessing
all of the parameter estimates, the covariance matrix is usually analyzed
by Principal Component Analysis (PCA). PCA is often used to visualize
important structure in the data and also used to reduce dimensionality by
approximating the data with the first few principal components. Thus the
asymptotic behavior of Principal Component (PC) directions is important.
In this paper, we study the covariance matrix in terms of PC directions.
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2 S. JUNG AND J. S. MARRON

Our focus is on the underlying mechanism which determines when the
sample PC directions converge to their population counterparts as d — oo.
In general we assume d > n. Since the size of the covariance matrix depends
on d, the population covariance matrix is denoted as »; and similarly the
sample covariance matrix, Sy, so that their dependency on the dimension
is emphasized. PCA is done by eigen-decomposition of a covariance matrix.
The eigen-decomposition of ¥, is

g = UgAqU),

where Ag is a diagonal matrix of eigenvalues \j g > Ao g > -+ > A\gq and Uy
is a matrix of corresponding eigenvectors so that Ug = [u1.4,u2.4, - -, Ud,d)-
Sy is similarly decomposed as

Sq = UgAgU?,.
Ahn et al. [I] showed that HDLSS consistency is a very illuminating

asymptotic property. Our main results are formulated in terms of three
related concepts:

1. consistency: The direction ;¢ is consistent with its population coun-
terpart u; 4 if Angle(u;q,1;,4) — 0 as d — oo. The growth of di-
mension can be understood as adding more variation. The consistency
of sample eigenvectors occurs when the added variation supports the
existing structure in the covariance or is small enough to be ignored.

2. strong inconsistency: In situations where 1; 4 is not consistent, a per-
haps counter-intuitive HDLSS phenomenon frequently occurs. In par-
ticular, 4; 4 is said to be strongly inconsistent with its population coun-
terpart u; ¢ in the sense that it tends to be as far away from wu; 4 as pos-
sible, that is, Angle(u;4,;q) — 5 as d — oo. Strong inconsistency
occurs when the added variation obscures the underlying structure of
the population covariance matrix.

3. subspace consistency: When several population eigenvalues indexed by
j € J are similar, the corresponding sample eigenvectors may not be
distinguishable. In this case, ;4 will not be consistent for u;q but
will tend to lie in the linear span, span{u;q : j € J}. This motivates
the definition of convergence of a direction ;4 to a subspace, called

subspace consistency;
Angle(i; g, span{u;q:j € J}) — 0

as d — o0o. This definition essentially comes from the theory of canon-
ical angles discussed by Gaydos [6]. That theory also gives a notion of
convergence of subspaces, that could be developed here.
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PCA CONSISTENCY IN HDLSS CONTEXT 3

In recent years, substantial work has been done on the asymptotic behav-
ior of eigenvalues of the sample covariance matrix in the limit as d — oo, see
Baik et al. [2], Johnstone [I0] and Paul [13] for Gaussian assumptions and
Baik and Silverstein [3] for non-Gaussian results when d and n increase at
the same rate, i.e. 7 — ¢ > 0. Many of these focus on the spiked covariance
model, introduced by Johnstone [10]. The spiked covariance model assumes
that the first few eigenvalues of the population covariance matrix are greater
than 1 and the rest are set to be 1 for all d. HDLSS asymptotics, where only
d — oo while n is fixed, have been studied by Hall et al. [7] and Ahn et
al. [I]. They explored conditions which give the geometric representation of
HDLSS data (i.e. modulo rotation, data tend to lie at vertices of a regular
simplex.) as well as strong inconsistency of eigenvectors. Strong inconsis-
tency is also found in the context of 7 — ¢, in the study of phase transition,
see e.g. Paul [13], Johnstone and Lu [I1], and Baik et al. [2].

In this paper, a broad and general set of conditions for consistency and
strong inconsistency are provided. Section [2| develops conditions that guar-
antee the non-zero eigenvalues of the sample covariance matrix tend to a
increasing constant, which are much more general than those of Hall et al.
[7] and Ahn et al. [I]. This asymptotic behavior of the sample covariance ma-
trix is the basis of the geometric representation of HDLSS data. Our result
gives broad new insight into this representation as discussed in section
The central issue of consistency and strong inconsistency is developed in
section [4] as a series of theorems. For a fixed number x, we assume the first
k eigenvalues are much larger than the others. We show that when x = 1,
the first sample eigenvector is consistent and the others are strongly incon-
sistent. We also generalize to the k > 1 case, featuring two different types of
results (consistency and subspace consistency) according to the asymptotic
behaviors of the first x eigenvalues. All results are combined and generalized
in the main theorem (Theorem . Proofs of theorems are given in section

1.1. General setting. Suppose we have a d X n data matrix X =
[Xl,(d)7 e 7Xn,(d)] with d > n, where the d-dimensional random vectors
Xi,(d),--+»Xn,(q are independent and identically distributed. We assume
that each X 4) follows a multivariate distribution (which does not have to
be Gaussian) with mean zero and covariance matrix 4. Define the sphered

1
data matrix Z4) = A;ﬁUC’lX(d). Then the components of the d x n ma-
trix Z4) have univariate variances, and are uncorrelated with each other.
We shall regulate the dependency (recall for non-Gaussian data, uncorre-
lated variables can still be dependent) of the random variables in Z(ay by
a p-mixing condition. This allows serious weakening of the assumptions of
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4 S. JUNG AND J. S. MARRON

Gaussianity while still enabling the law of large numbers that lie behind the
geometric representation results of Hall et al. [7].

The concept of p-mixing was first developed by Kolmogorov and Rozanov
[12]. See Bradley [4] for a clear and insightful discussion. For —co < J < L <
00, let F } denote the o-field of events generated by the random variables
(Zi, J < i < L). For any o-field A, let La(.A) denote the space of square-
integrable, A measurable (real-valued) random variables. For each m > 1,
define the maximal correlation coefficient

p(m) = sup |corr(f,9)|, f € La(F' ), g9 € La(F35,0)s

where sup is over all f, g and j € Z. The sequence {Z;} is said to be p-mixing
if p(m) — 0 as m — oc.

While the concept of p-mixing is useful as a mild condition for the de-
velopment of laws of large numbers, its formulation is critically dependent
on the ordering of variables. For many interesting data types, such as mi-
croarray data, there is clear dependence but no natural ordering of the vari-
ables. Hence we assume that there is some permutation of the data which
is p-mixing. In particular, let {Z,-L(d)}f:l be the components of the jth col-
umn vector of Z(g). We assume that for each d, there exists a permutation
ma:{1,...,d} — {1,...,d} so that the sequence {Z ;) :i=1,...,d}
is p-mixing.

In the following, all the quantities depend on d, but the subscript d will be
omitted for the sake of simplicity when it does not cause any confusion. The
sample covariance matrix is defined as S = n~' X X’. We do not subtract the
sample mean vector because the population mean is assumed to be 0. Since
the dimension of the sample covariance matrix S grows, it is challenging to
deal with S directly. A useful approach is to work with the dual of S. The
dual approach switches the role of columns and rows of the data matrix, by
replacing X by X’. The n x n dual sample covariance matriz is defined as
Sp =n"'X'X. An advantage of this dual approach is that Sp and S share
non-zero eigenvalues. If we write X as U A3Z and use the fact that U is a
unitary matrix,

d
(1.1) nSp = (Z'A3U")(UA2Z) = Z'0Z = Y Niazizi,
=1
where the z;’s, i =1,...,d, are the row vectors of the matrix Z.

2. HDLSS asymptotic behavior of the sample covariance ma-
trix. In this section, we investigate the behavior of the sample covariance
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PCA CONSISTENCY IN HDLSS CONTEXT 5

matrix S when d — oo and n is fixed. Under mild and broad conditions, the
eigenvalues of S, or the dual Sp, behave asymptotically as if they are from
the identity matrix. That is, the set of sample eigenvectors tends to be an
arbitrary choice. This lies at the heart of the geometric representation results
of Hall et al. [7] and Ahn et al. [I] which are studied more deeply in section
3. We will see that this condition readily implies the strong inconsistency of
sample eigenvectors, see Theorem 2}

The conditions for the theorem are conveniently formulated in terms of a
measure of sphericity

AE) (S A
dtr(¥?)  dyd N,

€

proposed and used by John [8, 9] as the basis of a hypothesis test for equality
of eigenvalues. Note that these inequalities always hold:

€ .
l = =

Also note that perfect sphericity of the distribution (i.e. equality of eigen-
values) occurs only when € = 1. The other end of the € range is the most
singular case where in the limit as the first eigenvalue dominates all others.

Ahn et al. [I] claimed that if € > 1, in the sense that e~ = o(d), then
the eigenvalues of Sp tend to be identical in probability as d — oo. How-
ever, they needed an additional assumption (e.g. a Gaussian assumption
on X(4)) to have independence among components of Z ), as described in
example In this paper, we extend this result to the case of arbitrary
distributions with dependency regulated by the p-mixing condition as in
section [I.I] which is much more general than either a Gaussian or an inde-
pendence assumption. We also explore convergence in the almost sure sense
with stronger assumptions. Our results use a measure of sphericity for part
of the eigenvalues for conditions of a.s. convergence and also for later use in
section {4 In particular, define the measure of sphericity for {A; 4, ..., Ag.q}

s d 2
(Xi=k Aid)
d 2
dYi—k Aig
For convenience, we name several assumptions used in this paper made
about the measure of sphericity e:

€ =

o The e-condition: € > é, ie.

d 2
Dim1 Aid

_1 _
21) ) = o aa)?

— 0 as d — oo.
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6 S. JUNG AND J. S. MARRON
o The €-condition: € > é, ie.

d 2
Dimk Aig

d72 — 0 as d — oo.
(X ik Aia)

(2.2) (de) ™ =

o The strong €-condition: For some fixed | > k, ¢ > %, i.e.

L ~d 2
(2.3) d2e ' = @i Na dZi:l Asa
(i Aia)?

REMARK. Note that the ¢,-condition is identical to the e-condition when
k = 1. Similarly, the strong eg-condition is also called the strong e-condition
when k = 1. The strong eg-condition is stronger than the €; condition if the
minimum of [’s which satisfy , lo, is as small as k. But, if [, > k, then
this is not necessarily true. We will use the strong ex-condition combined
with the €;-condition.

— 0 as d — oo.

Note that the e-condition is quite broad in the spectrum of possible values
of e: It only avoids the most singular case. The strong e-condition further
restricts ¢ to essentially in the range (ﬁ, 1].

The following theorem states that if the (strong) e-condition holds for
>4, then the sample eigenvalues behave as if they are from a scaled identity
matrix. It uses the notation I, for the n x n identity matrix.

THEOREM 1. For a fized n, let g = UgAgU}, d =n+1,n+2,... be
a sequence of covariance matrices. Let X4 be a d x n data matriz from a
d-variate distribution with mean zero and covariance matriz X4. Let Sy =
UdAdUé be the sample covariance matriz estimated from X gy for each d and
let Sp.q be its dual.

_1
(1) Assume that the components of Zqy = A;*UjX 4 have uniformly
bounded fourth moments and are p-mixing under some permutation. If
holds, then

(2.4) ;' Sp.a — I,

in probability as d — oo, where cqg = n""! Z?:l Nid-
1

(2) Assume that the components of Z) = A;EUC’lX(d) have uniformly
bounded eighth moments and are independent to each other. If both
and hold, then cngDyd — I, almost surely as d — oo.
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PCA CONSISTENCY IN HDLSS CONTEXT 7

The (strong) e-condition holds for quite general settings. The strong e-
condition combined with the e-condition holds under;

(a) Null case: All eigenvalues are the same.

(b) Mild spiked model: The first m eigenvalues are moderately larger than
the others, for example, \jg = --- = A\pg = C1 -d* and A\py149 =
o= Agq = O, where m < d, o <1 and C1,Cz > 0.

The e-condition fails when;

(c) Singular case: Only the first few eigenvalues are non-zero.

(d) Exponential decrease: \; 4 = ¢~ for some ¢ > 1.

(e) Sharp spiked model: The first m eigenvalues are much larger than the
others. One example is the same as (b) but a > 1.

The polynomially decreasing case, \;q = i~P, is interesting because it
depends on the power (;
o . 3
(f-1) The strong e-condition holds when 0 < 3 < 7.

(f-2) The e-condition holds but the strong e-condition fails when % <pB<1
(f-3) The e-condition fails when g > 1.

Another family of examples that includes all three cases is the spiked

model with the number of spikes increasing, for example, \j g = --- = A\ g =
Ci-d* and A\yq149 = -+ = Agq = Co, where m = |d®], 0 < B < 1 and
CH,CE > 0;

(g-1) The strong e-condition holds when 0 < 2a + 5 < %;

(g-2) The e-condition holds but the strong e-condition fails when % <2+
B <2

(g-3) The e-condition fails when 2« + 3 > 2.

3. Geometric representation of HDLSS data. Suppose X ~ Ny (0, I).
When the dimension d is small, most of the mass of the data lies near origin.
However with a large d, Hall et al. [7] showed that Euclidean distance of X
to the origin is described as

(3.1) X || = Vd+ op(Vd).
Moreover the distance between two samples is also rather deterministic, i.e.
(3.2) 1 X1 — Xa|| = V2d + 0,(Vd).

These results can be derived by the law of large numbers. Hall et al. [7]
generalized those results under the assumptions that d—' Y% | Var(X;) — 1
and {X;} is p-mixing.
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8 S. JUNG AND J. S. MARRON

Application of part (1) of Theorem [1| generalizes these results. Let X (),
X5,(a) be two samples that satisfy the assumptions of Theorem [1| part (1).
Assume without loss of generality that limg_., d = Zle Ai,a = 1. The scaled
squared distance between two data points is

Xt~ Xo@l? Ky 5t o s
d = Z Aidzi1 + Z AidZiz + Z i dZi12i2,
=1 )\i,d i=1 i—1 =1

ﬁ. Note that by (|1.1), the first two terms are diagonal
i=1""%

elements of cng p,d in Theorem (1| and the third term is an off-diagonal
element. Since cng D,d — In, we have 1) (i is derived similarly.

where \; g =

REMARK. Iflimg_o, d~' 3%, \; 4 = 1, then the conclusion (2.4) of The-
orem (1| part (1) holds if and only if the representations (3.1)) and (3.2 hold

under the same assumptions in the theorem.

In this representation, the p-mixing assumption plays a very important
role. The following example, due to John Kent, shows that some type of
mixing condition is important.

ExAMPLE 3.1 (Strong dependency via a scale mixture of Gaussian). Let
X =Y1U +0Ys(1—U), where Y1, Y2 are two independent Ny(0, I;) random
variables, U = 0 or 1 with probability % and independent of Y7, Ys, and
o > 1. Then,

Ix| = { dz 1+ Op(1)  w.p.
odz + Opy(1) w.p.

D[ N[ =

Thus, does not hold. Note that since Cov(X) = 1‘5”2 1,4, the e-condition
holds and the variables are uncorrelated. However, there is strong depen-
dency, i.e. Cov(zf,zjz) = (1"'2702)*2C0V(:n12,$j2-) = (%jrgz)z for all 4 # j which
implies that p(m) > ¢ for some ¢ > 0, for all m. Thus, the p-mixing condi-
tion does not hold for all permutation. Note that, however, under Gaussian
assumption, given any covariance matrix ¥, Z = ¥~ 2X has independent

components.

Note that in the case X = (X1,...,Xy) is a sequence of i.i.d. random
variables, the results and can be considerably strengthened to
| X || = Vd+ Op(1), and || X1 — Xa|| = v2d + O,(1). The following example
shows that strong results are beyond the reach of reasonable assumption.
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PCA CONSISTENCY IN HDLSS CONTEXT 9

ExAMPLE 3.2 (Varying sphericity). Let X ~ Ny(0,%4), where 3y =
1

diag(d®,1,...,1) and « € (0,1). Define Z = £, % X. Then the components
of Z, z;’s, are independent standard Gaussian random variables. We get
IX]|2 = d*22 + 3¢, 22 Now for 0 < a < L, d"2(| X2 — d) = N(0,1)
and for 1 < a <1, d"%(||X||? — d) = 2}, where = denotes convergence in
distribution. Thus by the delta-method, we get

1X| = Vid+0,(1), if0<a<li
T VA+0,(d*e), ifl<a<l

In both cases, the representation (3.1)) holds.

4. Consistency and strong inconsistency of PC directions. In
this section, conditions for consistency or strong inconsistency of the sample
PC direction vectors are investigated, in the general setting of section [1.1
The generic eigen-structure of the covariance matrix that we assume is the
following. For a fixed number k, we assume the first x eigenvalues are much
larger than others. (The precise meaning of large will be addressed shortly.)
The rest of eigenvalues are assumed to satisfy the e-condition, which is very
broad in the range of sphericity. We begin with the case k = 1 and generalize
the result for k > 1 in two distinct ways. The main theorem (Theorem
contains and combines those previous results and also embraces various cases
according to the magnitude of the first x eigenvalues. We also investigate
the sufficient conditions for a stronger result, i.e. almost sure convergence,
which involves use of the strong e-condition.

4.1. Criteria for consistency or strong inconsistency of the first PC di-
rection. Consider the simplest case that only the first PC direction of S
is of interest. Section [3] gives some preliminary indication of this. As an il-
lustration, consider a spiked model as in Example but now let o > 1.
Let {u;} be the set of eigenvectors of ¥; and V;_1 be the subspace of all
eigenvectors except the first one. Then the projection of X onto u; has a
norm ||Proj, X|| = || X1]| = 0,(d?). The projection of X onto V;_; has a
norm v'd + op(v/d) by . Thus when « > 1, if we scale the whole data
space R? by dividing by dz, then Projy,, , X becomes negligible compared to
Proj,, X. (See Figure ) Thus for a large d, X3 ~ A\juju) and the variation
of X is mostly along u;. Therefore the sample eigenvector corresponding to
the largest eigenvalue, 1, will be similar to u;.

To generalize this, suppose all eigenvalues except the first one satisfy
the e-condition, i.e. €5 > é. The following proposition states that under the
general setting in section the first sample eigenvector 4; converges to its
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10 S. JUNG AND J. S. MARRON

Uy

al2

d-1

Fi1G 1. Projection of a d-dimensional random variable X onto ui and Va—1. If o > 1, then
the subspace Vi_1 becomes negligible compared to u1 when d — oo

population counterpart u; (consistency) or tends to be perpendicular to u;
(strong inconsistency) according to the magnitude of the first eigenvalue Ay,
while all the other sample eigenvectors are strongly inconsistent regardless
of the magnitude A;.

PROPOSITION 1.  For a fized n, let g = UgAqU), d =n+1,n+2,...
be a sequence of covariance matrices. Let X4 be a d X n data matriz from
a d-variate distribution with mean zero and covariance matrix Yg. Let Sq =
(A]df&dUc’l be the sample covariance matriz estimated from X gy for each d.
Assume the following:

_1
(a) The components of Zg) = A, 2UcllX(d) have uniformly bounded fourth
moments and are p-mixing for some permutation.

For an oy > 0,

AM,d
(b) Jo1

(¢) The eg-condition holds and Y% o \iq = O(d).

— 1 for some c1 >0,

If ay > 1, then the first sample eigenvector is consistent and the others are
strongly inconsistent in the sense that

Angle(iiy, u1) 2= 0 as d — oo,

Angle(;, u;) Lg asd—o0Vi=2...n.
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PCA CONSISTENCY IN HDLSS CONTEXT 11
If ay € (0,1), then all sample eigenvectors are strongly inconsistent, i.e.
~ p T V.
Angle(ti;, u;) — 5 a5 d—oo’i=1,...,n.

Note that the gap between consistency and strong inconsistency is very
thin, i.e. if we avoid a; = 1, then we have either consistency or strong incon-
sistency. Thus in the HDLSS context, asymptotic behavior of PC directions
is mostly captured by consistency and strong inconsistency. Now it makes
sense to say Ap is much larger than the others when «q > 1, which results
in consistency. Also note that if a; < 1, then the e-condition holds, which is
in fact the condition for Theorem [Il

4.2. Generalizations. In this section, we generalize Proposition [I] to the
case that multiple eigenvalues are much larger than the others. This leads
to two different types of result.

First is the case that the first p eigenvectors are each consistent. Consider
a covariance structure with multiple spikes, that is, p eigenvalues, p > 1,
which are much larger than the others. In order to have consistency of the
first p eigenvectors, we require that each of p eigenvalues has a distinct order
of magnitude, for example, \; 4 = a3, Ao = d? and sum of the rest is order
of d.

PROPOSITION 2. For a fized n, let ¥4, X(q), and Sq be as before. Assume
(a) of Proposition . Let oy > g > -+ > oy > 1 for some p < n. Suppose
the following conditions hold:

s
(b) dzo’j —¢; forsome ¢; >0, Vi=1,....p
(¢) The €py1-condition holds and Z;‘i:pﬂ Xig = O(d).
Then, the first p sample eigenvectors are consistent and the others are
strongly inconsistent in the sense that

Angle(;, u;) Li0asd— o0 Yi=1,...,p,
Angle(;, u;) Lg asd—o00Yi=p+1,...,n.

Consider now a distribution having a covariance structure with multiple
spikes as before. Let k be the number of spikes. An interesting phenomenon
happens when the first k eigenvalues are of the same order of magnitude,
ie. limg_ o % = ¢ > 1 for some fixed constant c. Then the first k sample

eigenvectors are neither consistent nor strongly inconsistent. However, all
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12 S. JUNG AND J. S. MARRON

of those random directions converge to the subspace spanned by the first k
population eigenvectors. Essentially, when eigenvalues are of the same order,
the eigen-directions can not be separated but are subspace consistent with
the proper subspace.

PROPOSITION 3. For a fized n, let Xq, X(q), and Sq be as before. Assume
(a) of Proposition . Let oy > 1 and k < n. Suppose the following conditions
hold:

ALd Y.

(b) oy G for some ¢; >0, "i=1,...,k

(¢) The €xr1-condition holds and Zg:kﬂ Nig = O(d).

Then, the first k sample eigenvectors are subspace-consistent with the
subspace spanned by the first k population eigenvectors and the others are
strongly inconsistent in the sense that

Angle(t;, spanfuy, ... up}) == 0 asd — oo Vi=1,.... k,

Angle(t;, u;) Lg asd—o0i=k+1,...,n.

4.3. Main theorem. Propositions [I] - [3] are combined and generalized in
the main theorem. Consider p groups of eigenvalues, which grow at the same
rate within each group as in Proposition[3] Each group has a finite number of
eigenvalues and the number of eigenvalues in all groups, x, does not exceed
n. Also similar to Proposition [2] let the orders of magnitude of the p groups
be different to each other. We require that the €,11-condition holds. The
following theorem states that a sample eigenvector of a group converges to
the subspace of population eigenvectors of the group.

THEOREM 2 (Main theorem). For a fized n, let $q, X(q), and Sq be as
before. Assume (a) of Proposition . Let oy, ..., be such that oy > g >
o> ap > 1 for some p < n. Let ki,...,k, be nonnegative integers such
that Z§:1 kj =k <n. Let kg =0 and kpy1 = d— k. Let Jq,...,Jp1 be sets
of indices such that

-1 -1 -1
J=9> ki+ LY kj+2,....) ki+ky, l=1,...,p+1
j=0 j=0 j=0

Suppose the following conditions hold:

s
(b) dlo’j —¢;  for some ¢; >0, VieJl, vl:l’.”’p

(¢) The €xt1-condition holds and 3 ;) . Aia = O(d).
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PCA CONSISTENCY IN HDLSS CONTEXT 13

Then, the sample eigenvectors whose label is in the group J;, forl =1,...,p,
are subspace-consistent with the space spanned by the population eigenvectors
whose labels are in J; and the others are strongly inconsistent in the sense
that

(4.1)  Angle(t;, span{uj = j € }}) <=0 asd — oo Vi€ Jy, 1 =1,...p,

and

Vi:/ﬁ—#—l,...,n.

(4.2) Angle(i;, u;) = g as d — oo
REMARK. If the cardinality of J;, k;, is 1, then (4.1) implies 4; is con-
sistent for 7 € Jj.

Note that the formulation of the theorem is similar to the spiked co-
variance model but much more general. The uniform assumption on the
underlying eigenvalues, i.e. A; = 1 for all ¢ > &, is relaxed to the e-condition.
We also have catalogued a large collection of specific results according to
the various sizes of spikes.

These results are now illustrated for some classes of covariance matrices
that are of special interest. These covariance matrices are easily represented

1
in factor form, i.e. in terms of Fyy = 3.

ExAMPLE 4.1. Consider a series of covariance matrices {¥4}4. Let X3 =
F,F", where Fyis a d x d symmetric matrix such that

L pa - pd
I
Fy= (1= pa)la+ pata= p_d o ,

P T

pa - pa 1
where Jy is the d x d matrix of ones and p; € (0,1) depends on d. The
eigenvalues of X4 are A1 g = (dpg + 1 — pa)®, Aoa = -+ = Aga = (1 — pa)*.
The first eigenvector is u; = ﬁ(l, 1,...,1), while {ug,...,uq} are any or-

thogonal sets of direction vectors perpendicular to u;. Note that ZLQ Nid =
d(1 — pqg)? = O(d) and the ez-condition holds. Let Xy ~ Ny(0,%,). By The-
orem [2| if pg € (0,1) is a fixed constant or decreases to 0 slowly so that
pd > d_%, then the first PC dilrection 11 is consistent. Else if pg decreases
to 0 so quickly that p; < d™2, then 4, is strongly inconsistent. In both
cases all the other sample PC directions are strongly inconsistent.
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14 S. JUNG AND J. S. MARRON

ExXAMPLE 4.2. Consider now a 2d x 2d covariance matrix ¥4 = FyF},
where Fj is a block diagonal matrix such that

(R4 O
Fd_( 0 de)’

where [ g = (1—p1,d)fd+p1,djd and [ g = (1—p2,d)Id+,02,de. Suppose 0 <
p2,d < p1,a < 1. Note that Ay 4 = (dpl,d-i- 1 —p17d)2 , A2 d = (dpgd—l- 1 —p27d)2
and the e3-condition holds. Let Xo4 ~ N2g(0,X4). Application of Theorem
for various conditions on py 4, p2 4 is summarized as follows. Denote, for two
non-increasing sequences (i, vg € (0,1), pg > vq for vg = o(pq) and pg = v

for limgy_, oo ’Ij—: =cell,00).

P1d > p2,d > d~3 : Both 1,19 consistent.
Pld = P2,d > d~3 : Both Q1,09 subspace-consistent to spanf{uy, us}.
P1,d > d_% > pa g4 @ Uy consistent, o strongly inconsistent.

Ll e

d=s > p1,d > p2,q : Both 1q,0s strongly inconsistent.

4.4. Corollaries to the main theorem. The result can be extended for
special cases. 1

First of all, consider constructing X4 from Z; by X(4) = UdAg Z4 where
Z,4 is a truncated set from an infinite sequence of independent random vari-
ables with mean zero and variance 1. This assumption makes it possible
to have convergence in the almost sure sense. This is mainly because the
triangular array {Zy; (4) }i,a becomes the single sequence {Z71;};.

COROLLARY 1. Suppose all the assumptions in Theorem[3, with the as-
sumption (a) replaced by the following:

1
(d') The components of Zay = Ay QUQX(d) have uniformly bounded eighth
moments and are independent to each other. Let Z1; q) = Z1; for all
i,d.

If the strong €.i1-condition holds, then the mode of convergence of
and 1 almost sure.

Second, consider the case that both d, n tend to infinity. Under the setting
of Theorem [2, we can separate PC directions better when the eigenvalues
are distinct. When d — oo, we have subspace consistency of u; with the
proper subspace, which includes u;. Now letting n — oo makes it possible
for 4; to be consistent.
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PCA CONSISTENCY IN HDLSS CONTEXT 15

COROLLARY 2. Let ¥g4, X(q), and Sq be as before. Under the assumptions
(a), (b) and (c) in Theorem [, assume further that the first r eigenvalues
are distinct, i.e. N\j g > Niy1,4 for 1 <i <k, for all d. Then for all i < k,

(4.3) Angle(tis, u;) == 0 as d — 0o, n — oo.

If the assumption (a) is replaced by the assumption (d') of Corollary
then the mode of convergence of 18 almost sure.

4.5. Limiting distributions of corresponding eigenvalues. The study of
asymptotic behavior of the sample eigenvalues is an important part in the
proof of Theorem[2] and also could be of independent interest. The following
lemma states that the large sample eigenvalues increase at the same speed
as their population counterpart and the relatively small eigenvalues tend to
be of order of d as d tends to infinity.

LEMMA 1. If the assumptions of Theorem[q hold, then

<] Opd), ified, Yi=1,...,p,
(4:4) )\Z{ Op(d), ifi=rk+1,...,n

If the data matrix X(4) is Gaussian, then the first £ sample eigenvalues
converge in distribution to some quantities, which have known distributions.

COROLLARY 3.  Under all the assumptions of Theorem|3, assume further
that X gy ~ Ng(0,%q) for each d. Then,
ﬁ:> -1, (nTW,(n,C)) asd — oo Yie Jy, Yl=1,...p
dal gpi_zj_:l kl kl y Ui s o M
where Wy, (n, C)) denotes a ky x k; random matriz distributed as the Wishart
distribution with degree of freedom n and covariance Cy, and p;(A) denotes
the ith largest eigenvalue of the square matriz A.
If k; =1 for some l, then for i € J

S
—Z:>&asd—>oo,
i n

where X2 denotes a random variable distributed as the x* distribution with
degree of freedom n.

This generalizes the results in section 4.2 of Ahn et al. [I].
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16 S. JUNG AND J. S. MARRON
5. Proofs.

5.1. Proof of Theorem |1| I First we give the proof of part ). By .,
the mth diagonal entry of nSp can be expressed as ZZ 1 )\z dZ@m 4 Where

Zim.d is the (i, m)th entry of the matrix Z(q)- Define the relative elgenvalues
Aid
Zj:l Aiyd '
let Y; = 272rd(z‘)md — 1. Then the Y;’s are p-mixing, E(Y;) = 0 and E(Y}?) < B
for all i for some B < oco. Let p(m) = sup |corr(Y;, Yitm)| where the sup is

over all i. We shall use the following lemma.

/N\i,d as /N\i,d = Let 4 denote the given permutation for each d and

LEMMA 2.  For any permutation 7},

lim Z )\ﬂ; = 0.

d~>oo

PRrOOF. For any ¢ > 0, since hmlHOQ p(i ) = 0, we can choose N such that
(i) < 6 for alli > N. Since limg_o 3%, )\ *(i)d = =0, we get limg_o S0 1)‘%( )d =

0. Thus we can choose dy satisfying Ei:l )\ﬂd(z)d < 5 for all d > dg. With
the fact ¢ | X\ g = 1 for all d and p(i) < 1, we get for all d > dy,

d N d
D Awr(iyapli Z + D) Ae@.ap(i) < 6. O
i=1 i=1 i=N+1

Now let ng be the inverse permutation of 4. Then by Lemma [2| and the
e-condition, there exists a permutation 77} such that

d d d d
3 2 N2 2 3 3
B Ar-1(aYi)” = Z)\wd_l()dEY; +2) Asia D Aeoi.aBYiY)
i=1 i=1 i=1 j=it
d d
< Y NB+2Y AiaY Amar(i)B? =0,
=1 i=1 j=1

as d — oco. Then Chebyshev’s inequality gives us, for any 7 > 0,

P l o (= A a)
i=1

— 0,

d
3 . 2 J—
> Aiaz < =

as d — oo. Thus we conclude that the diagonal elements of nSp converge
to 1 in probability.

imsart-aos ver. 2007/12/10 file: PCAconsistency.tex date: June 26, 2008



PCA CONSISTENCY IN HDLSS CONTEXT 17

The off-diagonal elements of nSp can be expressed as Zle N dZimZil -
Similar arguments to those used in the diagonal case, together with the fact
that z;,, and z; are independent, gives that

i dZimZil) <Z)‘2d+2z)‘ld Z )\ -1 p*(j —1i) — 0,

Jj=i+1

=
-

as d — oo. Thus by Chebyshev’s inequality, the off-diagonal elements of nSp
converge to 0 in probability.

Now, we give the proof for part(2). We begin with the mth diagonal entry
of nSp, ZZ 1 Aid? d Note that since Zl 11 Ai,d — 0 by the e-condition, we
assume k =1 1n without loss of generality.

Let V; = 22 — 1 Note that the Y;’s are independent, E(Y;) = 0 and
E(YY) <B for all i for some B < oo. Now

4

d d
(5.1) E (Z )\i,in> =E Y NadjaraaYiY;YeY
; i jkd=1

Note that terms in the sum of the form EY;Y;Y.Y], EYiijYk, and EY;SYJ
are 0 if 7,4, k,l are distinct. The only terms that do not vanish are those
of the form EY;*, EYijQ, both of which are bounded by B. Note that by
applying the Cauchy-Schwartz inequality repeatedly, we get

d d
> X?,d <. 5\?,d)g
=1 =1

Also note that by the strong e-condition, Zle 5‘22,d = (de)™t = o(d_%)_ Thus
(5.1) is bounded as

d
E <Z 5\z‘,dY¢)
i=1

4 d

A
]
>
;»Jk
oy

_ +
]
>
x
=
a
oy

IN
S
]~

P
SN
QL
S~—

N
Sy
+

~
N
N~
S
E
>
SN0
Q
S~—

N

Sy

Then Chebyshev’s inequality gives us, for any 7 > 0,

d ~
P l
i=1
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18 S. JUNG AND J. S. MARRON

Summing over d gives > g2, P Hzg-izl S\i,dz?j — 1‘ > 7'] < oo and by Borel-

Cantelli Lemma, we conclude that a diagonal element zglzl S\i,dz% converges
to 1 almost surely.

The off-diagonal elements of nSp can be expressed as Zle i dZimZil -
Using similar arguments to those used in the diagonal case, we have

[l

3 4
d
é . E ( i1 )\z‘,dzimzu) o(d™1)
> Xidzimzi < <
=1

> T

)

T4 T4

and again by the Borel-Cantelli Lemma, the off-diagonal elements converge
to 0 almost surely. [

5.2. Proofs of Lemma [1 and Theorem [2 The proof of Theorem [ is
divided in two parts. Since eigenvectors are associated to eigenvalues, at first,
we focus on asymptotic behavior of sample eigenvalues (section and
then investigate consistency or strong inconsistency of sample eigenvectors

(section [5.2.2)).

5.2.1. Proof of Lemma [ We introduce a few definitions and lemmas
that are useful to prove this lemma. Let S, be the set of all m xm symmetric
matrices. Let ¢(A) be a vector of eigenvalues of A for A € S,,, arranged in
non-increasing order and let ¢;(A) be the ith largest eigenvalue of A. Let
|| ® ||2 be the usual 2-norm of vectors, and || || be the Frobenius norm of
matrices defined by || Allr = (32, ; A?j)l/Q.

LEMMA 3 (Wielandt-Hoffman inequality). If A, B € S,,, then
le(A+ B) — o(A)ll2 < [le(B)l2 = || B|p-

This inequality is known as Wielandt-Hoffman inequality. See Wilkinson
[15] for detailed discussion and proof.

COROLLARY 4 (Continuity of eigenvalues). The mapping of eigenvalues
@ : Sm — Ry is uniformly continuous.

PROOF. By Lemmal3] Ve > 0, VA, B € S,,, 70 = € such that |A — B <
0, then
[p(A) = p(B)ll2 < [[p(A=B)ll2 <0 =e. O

The proof relies heavily on the following lemma.
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PCA CONSISTENCY IN HDLSS CONTEXT 19

LEMMA 4 (Weyl’s inequality). If A, B € S,,, then "k =1,...,m,

or(A4) + om(B) or(A) + 1(B)
Pr+1(A) + Om-1(B) < on(ALB) < %—1(14):4' ©2(DB)
em(A) + ¢r(B) ©1(A) + ¢r(B)

This inequality is discussed in Rao [14] and its use on asymptotic studies
of eigenvalues of a random matrix appeared in Eaton and Tyler [5].

Since the dimension of the sample covariance matrix S grows, it is not
easy to deal with eigenvalues of S directly. One of the main ideas of the
proof is working with Sp, dual of S. By our decomposition ,

nSp = (Z’A2U")(UA2Z) = Z'AZ.

We also write Z and A as block matrices such that

Z1
Z
Z = . ,
Zp+
where Z; is a k; x n matrix for each [ =1,...,p+ 1 and
-Al o --. 0]
O Ay -+ O
O O - A1

where Aj(= A q) is a k; x k; diagonal matrix for each I =1,...,p+1 and O
denotes a matrix where all elements are zeros. Now we can write

p+1
(5.2) nSp =2'A2 =Y Z|\Z,.
=1

Note that the k; x k; random matrix Z; depends on d. We will, however,
simplify notation Z; for representing for all d = 1,. .., cc.

Note that Theorem [1| implies that when the last term in equation (5.2)) is
divided by d, it converges to an identity matrix, namely,

(5.3) A2 Api1 Zp 5 K - 1,
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20 S. JUNG AND J. S. MARRON

where K € (0,00) is such that d='Y
d™l gives us

j€dpin Xi,a — K. Moreover dividing by

P
nd~*'Sp =d M Z{MZy+d” Y ZINZ+ddT 2 Apy1 Zpa
=2
By the assumption (b), the first term on the right hand side converges to
Z1C1Zy where C is the ki x ki diagonal matrix such that C = diag{c;;j €
J1} and the other terms tend to a zero matrix. Thus, we get

nd”-“'Sp = Z{CﬁZl as d — oo.
Note that the non-zero eigenvalues of Z]C1Z; are the same as the nonzero

1 1
eigenvalues of C7 Z1Z1C} which is a k1 X k; random matrix with full rank
almost surely. By Corollary [4) we have for i € Jy,

0i(nd=*'Sp) = ¢i(Z21C1Zy) as d — o0
1 1
= @i(CY Z1Z:CF).

~

Thus, we conclude that for the sample eigenvalues in the group Ji, A; =
(pi(SD) = Op(dal) for i € Jj.

Let us focus on eigenvalues whose indices are in the group Jo,...,J,.
Suppose we have )\; = Op(d®i) for all i € Jj, for j =1,...,1 — 1. Pick any
1 € J;. We will provide upper and lower bounds on i by Weyl’s inequality
(Lemma . Dividing both sides of by d*, we get

-1 p+1
nd~*Sp =d ™Y ZiN;Z;+d" ™) ZiN;Z;
j=1 j=l

and apply Weyl’s inequality for the upper bound,

-1 p+1
pind™15p) S eyt (7 L ENE) o (N 2 BN D)
J= J=
p+1
(54) = 801723:11 k'j (d_al Z ZJIAJZJ>
= =

Note that the first term vanishes since the rank of d~* Zé;ll ZIN;Z; is at
most Zg;ll k;. Also note that the matrix in the upper bound 1) converges

to a simple form

p+1 p+1
AN ZiNZ; = dMZINZ+dTM Y ZiAZ;
j=l J=l+1

= Z/CZ; as d — oo,
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PCA CONSISTENCY IN HDLSS CONTEXT 21

where C is the k; x k; diagonal matrix such that C; = diag{c;;j € Ji}.
In order to have a lower bound of A;, Weyl’s inequality is applied to the
expression

p+1
QZZZ’A Zi+d " Y ZjN;Zj =nd ™ Sp,
j=1 j=l+1
so that
p+1
(5.5) J(d™ ZZ’A Zi) + on(d™™ > ZIN;Z;5) < @i(nd” Sp).
j=1 J=l+1

It turns out that the first term of the left hand side is not easy to manage,
so we again use Weyl’s inequality to get
(5.6)
-1 l
—Q I'A 7. NP it I'A 7. _J—oay 7!
@Z;ﬂkj(d ljZIZjAJZ]) < @i(d ljZIZjA]ZJH—cpZ;_I ki (—4 2N,

where the left hand side is 0 since the rank of the 1mautrix 1inside is at most
Zé;ll k;. Note that since d~*Z/A;Z; and d-*A2Z,Z/A} share non-zero

eigenvalues, we get

o=

—Q / _ 2
(,02321 k:j—i—i-l(_d lZlAlZl) = ¢Z;:1 k‘j—i-i-l( d“ A ZlZlA )
1
T P! k:]-—i-l( d” ZAZZZZZA2)
i
1 1
T Ty (d"AF Z1ZIA})
(5.7) = (A= ZI\ Z)).

_soi_zi_:i k;
Here we use the fact that for any m x m positive definite symmetric matrix
A, pi(A) = <pm z+1( A) for all i =1,.

Combining (|5 , and . gives the lower bound
p+1

. 7 VANV n(d~ M Z'N; 7)) < wi(nd™™ .
(5.8) @i_zzzllkj(d 1MZ)) + pn(d j:zz;d A Zj) < pi(nd” " Sp)

Note that the matrix inside of the first term of the lower bound (/5.8)) con-
verges to Z]C;Z; in distribution. The second term converges to 0 since the
matrix inside converges to a zero matrix.
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22 S. JUNG AND J. S. MARRON

The difference between the upper and lower bounds of ¢;(nd=*Sp) con-
verges to 0 since

p+1
Pyt (d= Jz_:l ZiN;Z;) — Pyt y (2N Z) — 0,
as d — oo. This is because ¢ is a continuous function and the difference
between the two matrices converges to zero matrix. Therefore @;(nd=*.Sp)
converges to the upper or lower bound as d — oo.
Now since both upper and lower bound of ¢;(nd=“Sp) converge in dis-
tribution to same quantity, we have

pi(nd~*Sp) = ¢, Sy (ZlC’lZl) as d — oo0.

(5.9) = (C 2,2)CF).

D Dy
Thus, by induction, we have for the ith sample eigenvalue N = vi(Sp) =
Op(d) forie J,l=1,...,p

Now let us focus on the rest of the sample eigenvalues 5\“ i=k+1,...,n.
For any ¢, again by Weyl’s upper bound inequality we get

p
0i(nd™'Sp) < i w(d ' Z) 1M1 Zpi1) + i (A Z5N;Z))
j=1

= Yi-x(d” Z+1A +1Zp+1),

where the second term on the right hand side vanishes since the matrix
inside is of rank at most . Also for lower bound, we have

pi(nd™'Sp) > @i(d ' Zy 1 Ap1Zp11) + eu(d 1ZZ’AZ

= @i(d_12;,9+1Ap+1Zp+1)7

where the second term vanishes since k < n. Thus we have complete bounds
for ;(nd=1Sp) such that

0i(d™ Zp 1 Mpr1Zp11) < @i(nd™'Sp) < @i (d™ Zp 1 Api1 Zp1a),

for all : = k + 1,...,n. However, by , the matrix in both bounds con-
verges to K - I, in probability. Thus lower and upper bounds of ¢;(nd=1Sp)
converge to K in probability which implies that A\; = ¢;(Sp) = O,(d) for
alli=x+1,...,n

Therefore, we have a complete proof of . O
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5.2.2. Proof of Theorem[3. We begin by defining a standardized version
of the sample covariance matrix as

S = A 2U'SUA 2
— A 2U/(UAU)UA 2

(5.10) = A 2PAP'A"Z,
where P = U'U = {u/i;}i; = {pij}ij- Note that elements of P are inner

products between population eigenvectolrs and sample eigenvectors. Since
we also have S =n"'X X" and X = UA2Z,

S = n'ATIUXX'UA 2
= n AT2UAN2ZZAU'UA 2
(5.11) = nlz7.
Note that the angle between the two directions can be formulated as

an inner product of the two direction vectors. Thus we will investigate the
behavior of the inner product matrix P as d — oo, by showing that

(5.12) > phi S lasd— oo,
JES
forallie J,l=1,...,p, and

(5.13) p% 25 0as d — oo,

foralli=x+1,...,n.

Suppose for now we have the result of (5.12)) and ([5.13]). Then for any
e, l=1,...,p,

i [Projspan{uj:jeJl}ai]
[@3]|2 - [[[Projspanfu;:jey @illl2
(3 je g, (uyi)uy)
all2 - [ 20 e, (w)its)ugll2
ZjeJl (u;ﬁz)z )
Lo (e (ufiin)?)2
= arccos((z p?z)%)

JEJ

Angle(i;,span{u; : j € Jij}) = arccos(

= arccos(

= arccos(

P
— 0Oasd— oo,
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24 S. JUNG AND J. S. MARRON

by (5.12) and fori =k +1,...,n,

Angle(d;,u;) = arccos(|uliy;|)
= arccos(|pi|)
p T

— 5 as d — 00,

by (5.13]), as desired.
Therefore, it is enough to show (5.12) and (5.13]). We begin with taking

jth diagonal entry of S, 5j;, from (5.10) and (5.11)),

n
555 = )\j_l Yo Aingi=n"lzz),
i=1
where z; denotes the jth row vector of Z. Since
-13 2 -1
(5.14) A Aipy; < nT i,
we have at most N
) .
pji = OP(;TZ)a
foralli=1,...,n,j=1,...,d. Note that by Lemmal I we have for i € J;,,
je€J, where 1 <l; <lp <p+1,

Op(d'™on), ifly=p+2,

Aj R iflp =1,...
(5.15)  ph=0,(F) = { Op(da=ch), il =1,....p,
i

so that p?i %, 0 as d — oo in both cases.

Note that the inner product matrix P is also a unitary matrix. The norm
of the ith column vector of P must be 1 for all d, i.e. Z;-lzl pjzi = 1. Thus

. . P

(5-12)) is equivalent to > ey a3/, p]zi — 0asd— oo.

Now for any i € Jq,

2 2 2
Yo vh= ). phit Y P
jE{l,...,d}/Jl JEJ2U--UJp JE€EJpr1

Since the first term on the right hand side is a finite sum of quantities
converging to 0, it converges to 0 almost surely as d tends to infinity. By
(5.14), we have an upper bound for the second term,

. A
2 _ -1y .27
Yo=Y N i
J€EJIpt1 JE€Jpt1 v
el D
< ZjEJp+1n ijj . )\f'i-'rl 'dl_al
- d d_al)\i
n d 2
> k=1 Zj:/-;+1 25k ) Akt1 i
- nd d—mj\i ’
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where the z;;’s are the entries of a row random vector z;. Note that by

. . _ Zj:n«l»l ZJZ',IC p
applying Theorem || with X4 = I, we have === — 1 as d — oo. Also
because d~1)\; = Op(1) and d'=* — 0, the upper bound converges to 0 in
probability. Thus we get

Z p?i L5 0as d— oo,
je{lz7d}/Jl

which is equivalent to

(5.16) Z p?i L. 1lasd— oo
jeJ1
Let us focus on the group Js,...,J,. For any [ = 2,...,p, suppose we

have ZjeJmp?iﬂl asd — oo for alli € J,,, m=1,...,1 — 1. Note that it
implies that for any j € J,,, m=1,...,01—1,

(5.17) Z pjzi L. 0asd— oo,
1€{1,...,d}/Jm
since
d
2 2 2 P

Yo DL D= Dl Y D ri— Y 1= 1=0

J€Im i€{1,...,d}/ Im jE€EIm 1=1 JEIm 1€Im JEIm 1€Jm
as d — oo.

Now pick ¢ € J;. We have

2. pi= ) miT > it DL P

je{l,...,d}/J; JEJ1IU-UJj_1 JE€EJ14+1U--UJp J€JIpt1

Note that the first term is bounded as

-1
2. TS ) pis )
m=

jeS1uU-UJ_1 i€Jy jeJ1U--UJj_1 1

> > | 0
j€im

i€{l,....d}/Jm

by (5.17). The second term also converges to 0 by (5.15)). The last term is
also bounded as

N s
2 _ —15 2 A
doPi o= DN iz
jEJp+1 jEJerl v
—1.. ./

< ZjEJp+1n ZJZj . >‘m+1 'dlfoll

— N b

d A=\
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26 S. JUNG AND J. S. MARRON

so that it also converges to 0 in probability. Thus, we have > >:co1 a1/, p?i 2,
0 as d — oo which implies that

Zp?iLlasd%oo.

JEJ
Thus, by induction, (5.12) is proved.
Fori=k+1,...,n, We have )\i_lx\ip?i < n_lzizg, and so

“ _ “ op(d)
p?l- <\ I\n lzizzl- = Op(A; 1)\1) =2

which implies (5.13]) and the proof is completed. [J

5.3. Proof of Corollary[ll The proof follows the same lines as the proof
of Theorem [2| with convergence in probability replaced by almost sure con-
vergence. [

5.4. Proof of Corollary[3 From the proof of Theorem [2 write the inner
product matrix P of (5.10) as a block matrix such that

Py - Py Py
P— : .. : : 7
Ppl T Ppp Pp,p+1
Pp+1,1 T Pp+17p Pp+1,p+1

where each P;; is a k; x k; random matrix. In the proof of theorem 2| we
have shown that Py, i = 1,...,p, tends to be a unitary matrix and P,
i # j, tends to be a zero matrix as d — oo. Likewise, A and A can be
blocked similarly as A = diag{A; : i =1,...,p+ 1} and A= diag{f\i ii=
1,...,p+1}.
Now pick I € {1,...,p}. The lth block diagonal of S, Sy, is expressed as
1

~ _1 ~ _1
Su= Y"1 A 2P PIA; 2. Since Py — 0, # j, we get
~ _1 PO P
1Sy — Ay 2 Puby Py 2 ||lp — 0

as d — oo.
Note that by l) Sy, can be replaced by n_lZlZl’. We also have d~“A; —

- 1 1
C) by the assumption (b) and d~*A; & diag{p(n~'C?Z,Z/C?)} by |D
Thus we get

_1 1 1 _1
In~'2,Z] — C, ? Pydiag{p(n ' C? Z,Z|C?)PC, *||r = 0
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as d — oo.
Also note that since n lZlZl — I, almost surely as n — 00, we get
1C ZlZlC — (; and diag{¢(n 1C’2ZZZZC'2)} — (} almost surely as
n — oo. Using the fact that the Frobenius norm is unitarily invariant and
|AB||r < ||Al|r||B||F for any square matrices A and B, we get

(5.18)
IPACUP — Cill < | PLCYP — diagfo( LG LZCE)| | + 0,(1)
= [|C; — Pydiag{e(n 102 72,Z,C, )PuHF + Op(l)
< In"1CP 2ZiCE — Pudiag{p(n~'CE ZiZ/C} Pyl + 0p(1)
< |CP I 202 — C)* Pudiag{ip(n~'CF ZLZ}CP ) PLCT 2 1 + 0p(1)

P
— 0asd,n— .

Note that in order to have , Py must converge to diag{+1,+1,...,+1}
since diagonal entries of Cj are distinct and a spectral decomposition is
unique up to sign changes. Let [ = 1 for simplicity. Now suppose for any
§ >0, limg, P(p%,; > 6) > 0for m=2,... k. Then for any m = 2,..., ki,

k1
|P1C1 P11 — Chllp > 2(61 - Cj)P?l > (€1 — )Pt
j=1

which contradicts since ¢1—¢,, > 0. Thus p,in L0 forallm = 2,...,k
which implies p?; 2.1 as d,n — co. Now by induction, Py 21 for all
i€ Ji,l=1,...,p. Therefore Angle(t;,u;) = arccos(|p;|) L0 as d,n — oo.

If the assumptions of Corollary [T also hold, then every convergence in the

proof is replaced by almost sure convergence, which completes the proof.
O

5.5. Proof of Corollary @ For any i € J,l=1,...,p, (5.9)) gives
i

1 1
g = Pyt (0T G ZIZICE) s d — oo,
-

1

Noticing C? Z;Z|C? ~ Wy, (n,C)) gives the result. When k; = 1, The as-
1 1

sumption (b) and that C? Z,Z]C? ~ ¢;x? imply that

N cd™ 2
_ G = Xn asd — oco. [
c;d i n

x|
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