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Skeletal models that are structurally medial provide effective object representations. This
is because they include not only locations but also boundary directions and object widths.
We present a skeletal object representation that we call “quasi-medial” because geometric
properties associated with Blum’s [1967] medial axis are relaxed to allow the skeleton to
have a pre-specified amount of branching and thus to support statistical analysis. We call
this form of object representation the s-rep. We explain how such models can be
automatically determined from object boundary data in a way that a) avoids boundary
noise, b) implies a boundary that closely fits the input boundary, and c¢) well recognizes
shape correspondences across cases. We also explain how to use Riemannian geometry to
estimate probability distributions from a sample of s-reps and to find ways to classify an
s-rep between two categories as trained from s-reps in each class. Finally, we describe
various evidence that shows the relative strengths of s-reps vs. other object
representations; we also discuss shortcomings of s-reps.

1. Introduction to Skeletal Models

There are many ways to represent an anatomic object or object tuple, entities in 3
dimensions. These representations can be categorized into those that describe the object
in terms of its geometric features and those that describe it in terms of a deformation of
space from an atlas containing the object. Here we will be describing a representation via
geometric object features.

Which geometric features are useful to capture in the representation? Many describe only
boundary geometry, given by the boundary locations and/or boundary normal directions
and/or boundary curvature features. Boundary normal directions and curvatures have
been shown to be particularly important shape properties. But for the many objects that
have the form of a bent slab there is one additional set of features that intuitively seems
important: object widths as they vary along the slab. The skeletal models are the only
ones that explicitly capture object widths as well as boundary locations and normal
directions. As laid out later in this chapter, comparisons of models according to two
capabilities suggest that skeletal models are particularly strong; these capabilities are
their power for classification and in providing prior probabilities to support segmentation.
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Figure 1. A skeletal model for a hippocampus. a) Densely sampled spokes. b, ¢) The
computer representation of an s-rep, coarsely sampled spokes, from two points of view.
The grid of green lines connect vertices whose locations are interior skeletal points, each
repeated to be on both sides of the folded skeletal surface. The yellow lines connect
vertices whose locations are on the skeletal fold. The line segments proceeding from the
skeletal fold points are fold spokes. The magenta line segments proceeding from the
interior skeletal points on one side of the object are interior spokes on that side. The cyan
line segments proceeding from the interior skeletal points on the other side of the object
are also interior spokes. d) The computer representation and the s-rep’s implied
boundary shown as a wire mesh. e): The boundary implied by the s-rep.

As illustrated in Figure 1, skeletal models for objects are best understood as formed by a
skeleton with the same topology as the object boundary, together with a vector function
on the skeleton with the following properties: the tail of each vector is on the skeleton
and the tip of each vector is on the object boundary, and the set of all such vectors have
no crossings within the object and fill the object interior. We call these vectors “spokes”.
The skeleton is a collapsed form of the object; it is folded onto itself such that except at
the folds, at least and typically two places on the skeleton are at the same location. That
is, the two spokes emanating from these places share tails; together each spoke pair
captures the object width there. Also, the spoke tips cover the whole boundary and the
spoke directions capture boundary directions. While for both 2D and 3D objects such
skeletons exist and are useful, we focus here on the ones in 3D.

The earliest form of skeletal models was “medial”. While there were many variants (see
Chapter 1 of [Siddiqi & Pizer 2008]), the one due to Blum [1967] was largely settled
upon, and the mathematics of the Blum medial loci were deeply developed (esp. see



Chapters 2 and 3 of [Siddiqi & Pizer 2008]). The basic properties of the Blum
representation are that
1) For slab-like objects most skeletal points have two spokes whose tails are at that
point and for which the two spokes have equal lengths, making the skeleton
exactly centered between two opposing boundary points and making the common
length a half-width of the object;
2) At the tip of each spoke it is orthogonal to the object boundary — it captures the
boundary position and normal.
3) Skeletal branches occur where three spokes share a tail point. The topology of the
skeleton of 3D objects also has more complicated skeletal points (see chapter 2 by
Giblin & Kimia of [Siddiqi and Pizer 2008]).

However, when the input boundary has detail, the Blum skeleton (“medial axis™) is
extremely bushy (Figure 2). The variability in this branching across cases makes that
object representation very challenging for object shape statistics. Moreover, pruning the
representation was found to be fraught [Siddiqi and Pizer 2008], and the locus of spoke
tips from the pruned axis containing only intuitively essential branching could not
succeed in giving a reasonably accurate approximation to an input object’s boundary.

Figure 2. Left: A bushy Blum medial axis of a rectangle with boundary noise (from G.
Székely, chapter 6 of [Siddiqi and Pizer 2008]). The desired medial axis consists only of
the five blue line segments shown in the right figure within the noise-free rectangle; the
remainder of the lines shown interior to the noisy rectangle are the unwanted bushy
components of the computed axis.

Thus Damon and Pizer [Pizer 2013] developed a more general, more flexible form of
skeletal model and its mathematics [Damon Chapter 3 in Sidddiqi and Pizer 2008]. This
model was named the “s-rep”; this chapter describes the s-rep as well as its mathematics
and statistics. By only penalizing, rather than preventing, deviations from the medial
properties of a) precisely matching the input boundary, b) having spokes that are
precisely orthogonal to the input boundary, and c) having interior spokes that have
exactly the same length as their partners proceeding to the other side from the same
skeletal point, the s-rep could imply a boundary that accurately fits the input boundaries
while containing only essential branching. Indeed, so many anatomic objects could be
represented with no branching whatsoever that only limited work has been done to
describe essentially branched objects with s-reps.



For a population of instances of an object, it is desirable to have correspondence between
interior locations across instances. This requires first, the same branching structure,
second, correspondence of the fold curves, and third, correspondence within the
respective skeletal sheets.

While the discussion so far has been for slab-like objects that have the topology of a
sphere, objects with other topologies can be also usefully represented with skeletal
models. In particular, objects that have the topology of a cylinder without its top and
bottom, sometimes called “generalized cylinders”, are also usefully represented skeletally
(Figure 3). In these objects the skeleton is formed by collapsing the quasi-tubular
structure to a space curve that is infinitesimally dilated to a tube. In this structure, here
again, there is one spoke per skeletal point and the spokes fill the object and do not cross
in the object interior.
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Figure 3: Left: A section of the large intestine represented as a generalized cylinder
[Ma 2018]. The center curve is the axis of the generalized cylinder, and the blue curves
orthogonal to the axis show the cross-sections of the generalized cylinder. Right: A
discrete s-rep with tubular topology, implying the boundary shown in the left half of the
panel.

2. Computing an s-rep from an image or object boundary



The almost innumerable algorithms for transforming an object boundary into its Blum
medial axis fall into a few categories, summarized in Chapters 4-7 of [Siddiqi and Pizer
2008]. There you will find an algorithm in each category that the authors deemed to be
the best at the time that book was written. The categories are 1) computing shocks of a
grassfire boundary evolution; 2) computing skeletons that are lists of voxels using
discrete methods, e.g., via the distance transform; and 3) using the Voronoi diagram to
compute skeletons. These algorithms face in common the problem that the function from
object boundaries to skeletal loci is ill-conditioned; that is, it turns small errors into large
ones and in particular produces bushy skeletons that need pruning. This is problematic
because of the failure to have found adequate methods for pruning.

What is needed are algorithms for finding a skeleton that recognize only the specific
branching of the object that is essential to its shape. For example (Figure 4), a tube with a
smooth bend going around 180 degrees to become parallel close to itself would have a
single curvilinear skeleton unlike the medial skeleton that has a branch at the bend.

Figure 4: Bent bar with branching medial axis. Left: with intuitive axis; right: with
approximate Blum medial axis.

One algorithm for extracting a quasi-medial skeleton with this trait works on images and
generates non-branching skeletons by using the properties that height ridges generically
do not branch [Damon 1999]. These images can be those with high contrast at object
boundaries or can be signed pseudo-distance images, in which the voxel values are zero
at the boundary, negative on the inside of the object, positive outside it, and monotonic in
magnitude of distance from the object boundary. The idea is to consider probing the
image via a primitive (Figure 5) that responds strongly when it is consistent with medial
behavior. Specifically, the probe is a function of image position (the candidate medial
position x), spoke length (r), and the directions of two spokes (8,,8 ,); thus in 3D
images the probe is 8-dimensional. The probe measures the evidence that at the two
spoke tips the image is boundary-like in the spoke directions. Applying the probe
produces a scalar measurement M(x,r, 8 ,, 8 ,) in an 8-dimensional non-Euclidean
Riemannian manifold. In this algorithm a medial locus of dimension k (e.g., 2 for a
slab-like object or 1 for a generalized cylinder) is a k-dimensional height ridge of M
called a “core”.
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Figure 5: Medial strength probe (copied from [Katz 2002]). x is the position labeled
“Medial Point”. 8 ,and 8, respectively give the directions of the two spoke vectors of
length R (called “r” in the text) proceeding from the medial point to the involute points,
at which the object boundary is sensed with tangent direction (the dashed lines)
perpendicular to the vectors.

These cores [Morse 1994] proved to be particularly powerful for finding blood vessels in
noisy 3D medical images [Aylward 2002; Fridman 2004]. Fridman also showed they
could support finding blood vessel branches by exploring the behavior of the function M,
and he demonstrated this property as well for slab-like branches on slab-like objects.

However, cores had several problems. The algorithms for computing them worked by
ridge following, and like all such algorithms, initializing the ridge was not easy and the
ridges could break in areas where the medial evidence is weak, where they would change
into height saddles.

Reflecting that transforming boundaries into skeletal structures mapped small errors into
large ones, it became clear that the inverse process (skeletal model mapped to the
boundary) would be far preferable, as it would map large errors into small ones. Thus the
approach that we have adopted was born: fitting a skeletal model with fixed branching
topology into boundary data. This has proven to have adequate stability to allow a variety
of uses, presented later in this chapter.

The s-reps that we invented have developed through a number of computer
representations. In the medial literature it has been traditional to think of the skeletal
surface of an object as a bounded surface (in 3D; a curve in 2D) with two spokes from all
locations except for branch and surface-end locations; in early incarnations of the s-rep,
this was how it was represented in the computer. However, as illustrated in Figure 6, it is
notably clearer and more generalizable to think of the skeleton as being a folded surface
produced by collapsing the two sides of an object onto each other, with each location on
that folded surface having a single spoke. In this view the end points in the traditional
view have become the fold. Thus, other than at the fold, two skeletal points are at the
same location, but the skeleton has the same topology as the object being represented.
Mathematically, the s-rep is written as follows: Let u parametrize the boundary of the



object being represented. Then the s-rep m(u) = (p(u), S(u)) is also parametrized by u,
where p(u)=(x(u), y(u), z(u)) is the skeleton and S(u) is the spoke emanating from the
skeletal point p(u). Moreover, S(u) = (U(u), r(u)), where the unit vector U is the spoke
direction and r is the spoke length.

Figure 6. An ellipsoid and its skeleton, formed by collapsing the ellipsoid with respect to
its principal axis of shortest length. The doubled ellipse shown by the top side in orange
and the bottom side in yellow actually share locations; the slight offset is used in this
visualization to allow you see the two ellipses.

In the computer representation the skeleton and its spokes are spatially sampled (Figure 1
— in it strictly the dense spokes are interpolated from the coarse spokes in the computer
representation) into a sparse version that we also refer to as “the discrete s-rep”. Such a
computer representation implies a continuous s-rep by the use of a spoke interpolation
method supported by the mathematics of skeletal structures due to Damon (chapter 3 in
[Siddiqgi and Pizer 2008]) — see Section 3.

Paul Yushkevich [2006] developed a useful alternative form in which the interpolation is
built in through the use of an explicit analytic representation; this is done via the use of a
specialized spline on (x,y,z,r). Like all splines, this one is represented by spline
coefficients that can be understood as control “points”. While this form of skeletal
representation of 3D objects has found important medical application where physical
modeling of anatomic objects is desirable, for statistical applications it has not been
shown to be competitive with our s-reps based on skeletal sampling.

3. Skeletal Interpolation

To fit an s-rep to an object boundary, the spokes must be dense enough. Thus, the skeletal
surface and the spokes from it must be interpolated from the sparse representation that we
use (Figure 1). Skeletal interpolation is also needed to display the boundary implied by
the s-rep. Spokes on a skeletal surface follow the skeletal geometry of each spoke
direction living abstractly on a 2-sphere and each log of spoke length living in a
Euclidean space. That is, spokes live in a curved abstract space. Moreover, the fact that
the s-rep is approximately medial places soft constraints on that space. We have shown
that actually using that geometry is necessary to ensure that the interpolated s-rep is
usable.



It would probably be mathematically best to interpolate the skeletal surface and the
spokes in a single interpolation. However, for simplicity Vicory [Tu, Vicory 2016])
divided this into a skeletal surface interpolation operation and a spoke interpolation on
the interpolated skeletal surface.

The skeletal surface interpolation method uses standard polynomial-based methods. One
idea would use the property that the normal to the skeletal surface can be expected to be
in a direction near the difference of the spoke directions; this is a fact in the medial case.
Since our skeletal representations are only quasi-medial, this would have to be done via a
penalty, i.e., soft constraint, on the angles of the paired spokes to the skeletal surface
being computed, and to date we have not used this approach.

Our method for spoke interpolation depends on first interpolating the spoke directions U
and then interpolating the spoke lengths ». Our experience shows that this tack is
preferable because we have found a good way to interpolate the directions and have
found that the overall result is then very robust against approximation errors in the spoke
length interpolation.

Let the skeletal surface be parametrized by (u,,u,), where both parameters are integers
at the corners of a quadrilateral in the grid on which the discrete s-rep is specified. Thus,
the discrete s-rep gives both » and U at these quadrilateral corners. Consider interpolation
of the spoke directions U at any point p (u,,u,) within any grid quadrilateral on the
skeletal surface. Our plan for interpolation of r is based on a 2™-order Taylor series, for
which we need not only the spoke directions U but also their first and second order
derivative values U, and U, fori=1, 2 at arbitrary points in the quadrilateral. Spoke
directions live on the unit 2-sphere S°. Thus, the sort of finite difference calculations that
must be used in order to compute U at our discrete skeletal points should be done on the
sphere. These calculations are done by representing the discrete spokes U as unit
quaternions and thus its derivatives with respect to u, as derivatives on the sphere. Using
these derivatives, Vicory applies the squad method of interpolating quaternions to
estimate the spoke direction U at an arbitrary point interior to a quadrangle of discrete
points by fitting Bezier curves to the quaternions on the surface of the sphere. This
approximation allows the computation of not only the U values but also their directional
derivatives of both first and second order in either u, or u, .

Given the ability to evaluate U and its derivatives in a quadrilateral, we need to
interpolate the » values in a way consistent with skeletal geometry. Spokes can be written
S=rU. The derivatives of the spoke at a skeletal location p with respect to a step in
direction v in either of the two orthogonal directions u, or u, must follow
S,=rU,+r,U , from which it follows that », =S,-U . Also,

S,-U=(S,),..U=r,, +rU,,U.From this a Taylor series in the length d of a small step
in direction v together with three forward-distance derivative approximations yields
r(p+dv)= % SP)+SpEpt+2dv) Uptdv)— Cé—z (S(p)* U,y (p)). Because the same

3 Subscripted variables refer to directional derivatives in the direction of the subscript



mathematics works using a Taylor series in the backwards direction about
p +2dv, for symmetry and to reduce approximation error the results of the two versions
should be averaged, yielding the final formula as

r(ptdv)= U@p+a)-(L(SE) +Sp+2dv) —%Z(S(p)'va(p)+S(p+2dv)°Uw(p+2dv)).

This formula allows computing the spoke half-way between two horizontally adjacent
quadrilateral corners and using successive subdivision with it by halving as many times
as necessary to get the desired small spacing in u, . Applying the same method separably
(on the results) in the u, direction, yields a spoke at any successively subdivided point
within the quadrilateral. Finally, since the method gives different results when you apply
it first in u, and then in u, , we compute using both orders and average the results.

At a skeletal fold, the skeletal surface’s lack of smoothness prevents direct application of
the aforementioned method. We solve this problem by first dilating the fold curve into a
tube with very narrow radius. We then find where the spoke at the fold curve intersects
the tube. Then we use the method for smooth surfaces to compute the continuation of the
spoke from the smooth surface of the tube to the object boundary.



4. Skeletal fitting

After trying many approaches, the best ways we have found to fit an s-rep to the given
boundary of a particular object is to initialize a process with a reference s-rep appropriate
to the object, to map that s-rep via boundary correspondences to the target, and then to
complete the process by a refinement of the mapped s-rep.

Two methods for initialization have been created. The newer form [Hong 2018] involves
using an ellipsoidal reference object; this is attractive both because no user-chosen
reference object is needed and because the ellipsoid has a mathematically known
unbranching medial representation, with a folded flat ellipse as the skeletal surface. The
method uses mean-curvature flow on the input object boundary in small steps until it
approaches closely enough to an ellipsoid, from which a sampled s-rep can be derived.
The small steps allow the establishment of correspondence between points on the
boundary before a step and those after a step. Then the boundary correspondences for
each step, together with correspondences at the skeletal fold can be used in reverse to
obtain a thin-plate-spline transformation from the after-flow state to the before-flow state.
The skeletal fold correspondences are computed from the normal and the radius of
curvature at the corresponding crest points. The small-step transformations can be
composed and applied to the ellipsoidal s-rep’s spoke tips (boundary points) and tails
(skeletal points) to yield an initialized s-rep in the original object.

This method is new, so it has been shown to work for only a few objects, namely the
relatively blob-shaped hippocampus (see Figure 7), the thin-width lateral ventricle, and
the narrowing shaped caudate nucleus (for which a special primitive to handle the
cusp-end has been designed [Hong 2018]), the parotid gland, and the rather
complicated-shaped mandible. Objects with sharp points or crests, such as the mandible,
need special attention to avoid some of the mesh’s tiles becoming too small. Alternative
means of mapping the ellipsoid’s s-rep back to the original object should perform faster.

This method establishes a correspondence among a population of objects as follows.
After the mean curvature flow each of the objects is mapped to an ellipsoid, the
geometric means of the corresponding principal radii can be computed, and each object’s
ellipsoid can be mapped to the mean ellipsoid by the implied expansion of its three
principal radii. Thereby, the sampled s-rep of the mean ellipsoid (Figure 7) can be
mapped to each object, after which each object’s sampled s-rep can be deformed back to
its original object.



Figure 7. The skeletal model derived from a hippocampus boundary via the mean
curvature flow method. a) The ellipsoid s-rep from which the hippocampus s-rep is
derived, together with a wire-mesh showing the ellipsoid, and b) its implied boundary.
c,d): The fitted hippocampus s-rep from two points of view. The interior skeletal points
are grid vertices in green. Magenta and cyan spokes emanate from them. The yellow
curve is the fold, with fold spokes emanating from it. €) The implied boundary of the
s-rep after initial fitting. f) The implied boundary of the refined s-rep. g) The refined
s-rep showing both the implied boundary as a wire mesh and the s-rep itself.

The older form of initialization involves producing s-rep fits for many instances of an
object and then taking the reference model to be their backwards mean, as described in
Section 6. In this form we have found that a deformation of the reference object boundary
into the target object boundary can be calculated by the thin-shell demons method

[Zhao 2015] (preceded by a similarity transformation), which yields a transformation of
the boundary locations with correspondence that can be generalized to 3D using
thin-plate splines and then applied to the tails and tips of the reference s-rep.

For both methods of initializing an object’s s-rep, refinement of the initialized model is
done by optimization of a penalty measuring the deviation of the s-rep from the medial
ideal. The penalty is the integral over the spokes of a weighted sum of three terms, one
measuring the fit of each original and interpolated spoke tip to the target object boundary,
another measuring how orthogonal the spoke tip is to the boundary, and the third
measuring how mathematically proper the model is at that spoke tip, i.e., how stable the
model is against spoke crossing in the object interior. The measure of fit integrates
|d(p(u)+ r(u) U(u))| over the spokes, where p(u)+ r(u) U(u) is the location of the spoke
tip and d is the distance of that location from the object boundary. The measure of
spoke-to-boundary orthogonality is 1 minus the cosine of the angle between the spoke



direction and the boundary normal, i.e.,
1-[U(u) - Vd(p(u)t rw)Uw))/|V d(p(u)+ r(u) Uu))|].

The measure of stability against spoke crossing heavily penalizes spoke crossing and
slightly penalizes near-crossing of spokes. In particular, the spoke-crossing test devised
by Damon (Chapter 3 in [Siddiqi and Pizer 2008]) for each spoke in the continuous
skeletal model, namely 1 —det(rS,,,) > 0, is used as the argument of the penalty weight,
where S, 1s what Damon calls the radial shape operator. This operator is analogous to
the familiar shape operator from differential geometry, which is a 2x2 matrix that when
applied to a small step AB = av+ bw on a surface B whose tangent plane is spanned by
the frame (v, w) yields the change of the surface normal for that step, also represented in
the frame (v, w). Analogously, the radial shape operator is also a 2x2 matrix that when
applied to a small step Ap = av+ bw on the skeletal surface yields the component of the
spoke direction change AU in the skeletal surface for that step, also represented in the
frame (v, w). The S,,, matrix is computed from derivatives in the orthogonal directions v
and w, respectively, of the spoke direction U; as described in Section 3, this is computed
by quaternion derivatives on the sphere.

In some cases it is useful to combine the spoke crossing penalty with a penalty for
non-uniformity of the discrete spoke positions on the skeletal surface. In particular, the
penalty can be monotonic with the size of the difference between each interior discrete
skeletal position and the average of those positions at adjacent grid positions.

5. Correspondence

In producing statistics on any geometric representation of a training population, and in
particular for s-reps, correspondence of the primitives is important. For s-reps two
methods for producing correspondence have been developed. The first depends on
starting the fitting of each object in the population from the same reference model or
related reference models, such as the ellipsoids in the method described in Section 4.
This already produces useful correspondence. Somewhat improved correspondence,
according to a measure of entropy among the object s-reps (see Section 7d), can be
obtained by the method developed by Tu et al. [2016], in which geometric entropy is
maximized (the probability distribution is tightened) with an additional entropy term in
the objective function that encourages uniformity of the spokes within each object in the
population.

Tu (Figure 15 below) showed that when correspondence optimization was applied
measures of specificity and of generalization on s-rep-implied boundary points (see
Section 7¢) were improved. But also there was an improvement as compared to the
method of Cates et al. [2007], where the boundary points’ entropy is directly optimized
by the same entropy-based method that the s-reps method was modeled after. We take
this improvement as a value-added of including features of object width and spoke
direction in addition to boundary point location.



6. Skeletal statistics

The major scientific challenges in modern medical image analysis arise at the population
level and are addressed using random samples drawn from the population of interest. For
a given skeletal configuration (discrete s-rep), the set of all possible skeletal models is
called the shape space, and the sampling process is understood via a probability
distribution on that space. Statistical analysis is then used to infer underlying population
properties from the available sample.

Because, as described in Section 6.1c¢, the s-rep shape space is naturally represented as
typically hundreds of Euclidean variables (3D locations of atoms plus log spoke lengths)
and of angles on respective spheres S*, sufficiently general probability distributions are
most naturally considered as being defined on the corresponding Riemannian manifold
(or even a Finslerian manifold).

There are a number of approaches to statistical analysis of data objects lying on a
Riemannian manifold, which have led to varying degrees of success. One class of these
has been called extrinsic; see [Patrenganaru and Ellingson 2015] for a good introduction
and overview. The key idea is to treat data on the manifold as points in the embedded
Euclidean space, do statistical analysis there, and project the results back to the manifold.
Another class of approaches is intrinsic analysis, which aims to more directly incorporate
the curved manifold nature of the data space into the analysis. Here we discuss several
intrinsic approaches that are commonly used in the analysis of s-rep data. For more
detailed discussion in this direction, see [Pizer and Marron 2017].

The intrinsic statistical methods that we will discuss all involve Gaussian probability
distributions. Some methods try to apply Gaussians directly on the manifold; we will call
these directly Gaussian methods. Others map the manifold to another Euclidean manifold
in which Gaussians are used; we will call these Gaussian via Euclideanization methods.
For example, in producing statistics on LDDMM deformations understood as geodesic
paths according to a complicated metric on a very high dimensional manifold, one might
try to accomplish this directly or try to Euclideanize by mapping each path to a still very
high but much lower dimensional space of momenta and then do Gaussian analysis on the
space of momenta, which is arguably a cotangent space [Vaillant 2004].

Our meth40ds of statistics on s-reps fall into the category of Gaussian via Euclideanization
methods. They work by using PCA-like methods to produce scores that frequently can
be treated as measured via a Euclidean norm, then doing Gaussian analysis on the space
of these scores, and finally mapping the results of the Gaussian analysis back onto the
original manifold.

* The following is appropriately modified material from our previous paper [Pizer & Marron 2017],
reprinted here by permission of the copyrighter.



We first discuss methods for estimation of the probability distribution on s-reps, and later
we discuss methods for classification via s-reps.

6.1 Probability distribution estimation

a. Tangent plane statistical analysis methods
The first generation of methods are intrinsic analogs of PCA for the analysis of
Riemannian manifold data. A manifold is a surface in the ambient space that is smooth
in the sense of having an approximating hyperplane (in the sense of shrinking
neighborhoods) at every point. In this spirit, [Fletcher 2004] first proposed a directly
Gaussian method that he called Principal Geodesic Analysis (PGA). Here ordinary PCA,
which we now call forwards PCA (see our later discussion of backwards PCA), is
generalized to the manifold via geodesics. The 0-dimensional approximation is the point
on the manifold minimizing the sum of squared geodesic distances from the sample data
points to it (the Fréchet mean); the 1-dimensional approximation is the curve on the
manifold through the Fréchet mean minimizing the sum of squared geodesic distances
from the sample data points to it; etc.

Because computing these geodesic distances is often unwieldy or worse, [Fletcher, Lu,
Pizer, & Joshi 2004] proposed an approach using Euclideanization. This is based on the
plane that is tangent at the Fréchet mean (Figure 8). The data on the surface of the
manifold are represented as points in the tangent plane using the Log map. PCA is then
performed there, and the resulting eigenvectors and summarized data are mapped back
into the manifold using the Exponential map. The corresponding scores give a type of
Euclideanization.
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Figure 8. Tangent plane statistical analysis (by permission from X. Pennec)

While much useful shape analysis has been done using tangent plane methods, large
gains in statistical efficiency have been realized through the development of more
sophisticated Gaussian via Euclideanization methods. The reason for this can be
understood from the S? example shown in Figure 9. The blue points are a sample of S°
directions for a single spoke in the bladder-prostate-rectum simulator model of [Jeong
2009]. Note that these data points tend to lie along a circle, so their Fréchet mean lies



near the center of the circle. Thus, the data appear as a circle when they are mapped into
the tangent plane using the Log map.

Figure 9. Set of locations of a single spoke generated by an s-rep simulator model.
Shows that important s-rep modes of variation follow small circles, whose variation is
poorly captured by tangent plane analysis. The orange point is the Fréchet mean, which
captures the center of the data less well than the red point, which is the backwards mean
(see Section 6.1b).

Hence, while the data are essentially one-dimensional in nature (since they just follow a
single small circle), the PGA requires two components (because the projections again
follow a circle) to appropriately describe the variation in the data. A data representation
living in two dimensions is much less statistically efficient than a one-dimensional
representation, in the sense that modeling with higher dimensional probability
distributions is less efficient. This has motivated a search for more statistically efficient
approaches to the statistical analysis of data lying on a manifold.

The first of the methods recognizing that the data is on a sphere and principally lies on a
subsphere of that sphere is Principal Nested Spheres (PNS), motivated and described in
Section 6.1b. Extension of this to more complicated manifolds, such as the polyspheres
central to s-rep shape representations is given in Section 6.1c. Section 6.1d discusses a
yet more efficient approach to polysphere analysis involving a high-dimensional
spherical approximation followed by a PNS analysis.

b. Principal Nested Spheres
In the case of data lying in a high dimensional sphere S* embedded in R*"', a useful
intrinsic version of PCA is Principal Nested Spheres (PNS), proposed by [Jung et al.
2012]. The central idea is to iteratively find a nested (through dimension) series of
subspheres, each of which provides an optimal fit to the data (Figure 10). In particular, at
each step the dimension of the approximation is reduced by 1, finding the subsphere that
best fits the data in the sense of minimum sum of squared residuals, measured using
geodesic arc length along the surface of the sphere. In the case of S% as shown in figure
9, PNS corresponds to the use of a polar coordinate representation carefully chosen with
its pole at the correct place on the sphere.



The signed residuals are also saved as PNS scores for that component. The concatenation
of these scores, over the dimensions, becomes the PNS Euclideanization of each data
point. The advantages of this approach are statistical efficiency (in terms of a
lower-dimensional scores representation, as illustrated in Figure 9) and tractability, since
each lower dimensional manifold is determined by the imposition of a single (usually
easy to find) constraint. Note that when the PNS scores are modeled as a Gaussian
distribution, the induced probability distribution on the shape manifold will keep the
property of unimodality and will generally have a roughly Gaussian shape as long as the
spread along the manifold is not too large.
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Figure 10. An optimal small subsphere, geodesic distances (Z,,) forming scores, and
projections onto the subsphere (by permission from S. Jung)

One reason that PNS was an important statistical landmark is that it motivated the more
general idea of Backwards PCA as a general paradigm for finding principal components
in non-Euclidean data contexts. The full generality of this idea can be found in [Damon &
Marron 2014]. A key concept is that the general utility of backwards PCA follows from
thinking of PCA in terms of a nested series of constraints. Backwards tends to be easier
to work with because from that viewpoint, the constraints can be found sequentially,
instead of needing to know the full set and then sequentially relaxing them. As noted in
[Damon and Marron 2014], this idea is seen to generate (or to have the potential to
generate) useful analogs of PCA in a variety of other non-Euclidean settings such as on
other manifolds, for Nonnegative Matrix Factorization, and for Manifold Learning.

The example shown in figure 9 also shows that the Fréchet mean, shown as the orange
point in the figure, can be a poor choice of center in that it may not be representative of
the data in the sense that it lies outside the cloud of data points. A more representative
notion of center is the backwards mean, shown as the red point in the figure. This
backwards mean is an intrinsic mean that is much more representative of the data in that
example than the Fréchet mean. Generally this is computed by taking one more step in
PNS. In this last step the best fitting point, i.e., 0-dimensional sphere, to the S’
approximations of the data, is found. In particular, the backward mean is the Fréchet
mean of the rank 1 circular representation of the data, which can then be viewed as the
best backwards rank 0 approximation. So in figure 9 the backwards mean falls on the



circle determined by the data whereas the forwards mean (the Fréchet mean) falls far
from that circle.

A fundamental observation of [Pennec 2015] is that both the backwards methods (e.g.,
PNS), which were explicitly described in [Damon & Marron 2014], and forwards
methods such as PGA rely upon greedy sequential searches (in opposite directions). That
motivated a simultaneous fitting approach called barycentric subspaces, which are affine
combinations (a generalization of Fréchet, Karcher or exponential weighted averages
where negative weights allow appropriate extrapolation) of a set of reference points.
These methods are described in detail elsewhere in this book.

c. Composite Principal Nested Spheres
[Pizer, Jung, Goswami, Vicory, Zhao, Chaudhuri, Damon, Huckemann & Marron 2013]
proposed extending PNS to manifolds that involve products of spheres, such as those for
both boundary point distribution models and s-reps, using the idea of Composite
Principal Nested Spheres (CPNS). The idea here is to first develop the PNS
representation (Euclideanization) for each spherical component and then concatenate
these, together with Euclidean components, into a large Euclidean representation. This
would then be followed by PCA on the result.

In the case of s-reps, the spheres in question are one S* for each spoke direction and a
high-dimensional sphere for the scaled, centered skeletal points. The Euclidean variables
are the log spoke lengths and the log scale of the object. The sphere for the n scaled
skeletal points, of dimension 3#-4, arises from centering each skeleton on its center of
mass and then scaling each point x; by the object scale v =(Z " [x)".

Of importance is the commensuration between the components before applying the PCA.
[Hong, Vicory, Schulz, Styner, Marron & Pizer 2016] designed an experiment to
determine the most reasonable commensuration on the Euclideanized features, more
precisely, on the object scale and the sphere-resident features derived from the centered,
normalized skeletal points. First, the features were transformed to be in the same units. In
our case the log-transformed version of the scale factor v (i.e., ¥ log (y/y)) had units of
millimeters, On the other hand, radians (unitless values 0, for each of the dimensions of
the unit sphere) are the units for the Euclideanized shape features derived by PNS from
the 2-spheres on which the spoke directions live and from the high-dimensional unit
sphere on which the scaled skeletal point tuple for each case live. Thus we multiplied
each PNS-derived feature by vy to put them into units of distance. The problem then is to
determine the factor to commensurate the feature capturing scale with the PNS-derived
features. We determined that factor by creating a new population that would have a
non-varying shape consistent with those in the original population and a scale variation
that was the same as those in the original population. To do this, we formed the new
population by applying the measured log-transformed v values for each case to the
object of median scale that was then scaled to have ¥ =1. By comparing the total
variances of the original and created populations, respectively, one could determine the
correct commensuration factor between y /og (y/y) ) and the Euclideanized features from



PNS, namely, _ye ;. The experiment concluded that the correct commensuration factor
was 1.0, up to sample variation. This idea of separately treating scale can be used for
problems of commensuration of other types of variation. In particular, the geometric
mean 7, of the i spoke’s lengths is used to commensurate PNS-derived features from its
spoke directions.

d. Polysphere PCA
Data spaces that are products of spheres, such as the skeletal model spaces of Section
6.1c, have been called polyspheres by [Eltzner, Jung, and Huckemann 2015]. That paper
goes on to propose a new method, Polysphere PCA. This allows a Euclideanization
provided by a more flexible modeling of the dependence between features than that
achieved by CPNS’s PCA on the geometric properties Euclideanized one by one. This
potential improvement is achieved through a distortion of carefully selected angles on
each sphere component to map the polysphere data onto a high dimensional sphere and
then using PNS on that. This has the advantage relative to CPNS that the PNS is done on
a single sphere rather than sphere by sphere, which potentially better captures nonlinear
dependence. It has the disadvantage that except near the mean the mapping to the sphere
rather severely distorts distances on the manifold. On one population of skeletal shape
data this approach has been shown to give a lower dimensional probability distribution
representation than is available from CPNS. However, our initial unpublished results
comparing classification via Polysphere Euclideanization vs. PNS sphere by sphere
Euclideanization [Sharma 2018] suggest that Polysphere Euclideanization’s difficulties in
separate commensuration for each geometric property can counteract its potential
advantages in improved Euclideanization. This holds even when the radius of the various
spheres is taken as the geometric means of their entity sizes (length for spokes, scale for
skeletal point sequences).

6.2 Classification

A major analytic task when working with populations of shape data is statistical
classification (also called discrimination). For this task, training data, with known class
labels, is given, and is used to develop a classification rule for assigning new data to one
of the classes. For Euclidean data objects, there are many methods available; see [Duda,
Hart & Stork 2001] for a good overview.

The most common methods for classification are based on Euclidean spaces. Particularly
widely used these days is the method called support vector machines (SVM); see, for
example, [Scholkopf & Smola 2002] for detailed discussion. SVM is based on optimizing
the gap in feature space between the training cases in the two classes. A more statistically
efficient method called Distance-Weighted Discrimination (DWD), still in a Euclidean
feature space, was developed by [Marron, Todd & Ahn 2007]. Its efficiency derives from
using all of the training data, not just those near the gap. Both SVM and DWD yield a
direction in feature space that optimally separates the classes (Figure 11). Classification



then involves projecting the feature tuple onto the separation direction and deriving the
class or the class probability from the resulting scalar value.

Figure 11. The idea of the separation direction determined from SVM or DWD (each
method will determine a somewhat different separation direction)

Use of DWD with data objects lying in a manifold is often done by Euclideanizing the
object features and then applying DWD to the result. We call this Discriminative PNS
(DPNS). As shown in [Hong, Vicory, Schulz, Styner, Marron, Pizer 2016], DPNS can
improve classification accuracy over using the object features directly in DWD.

Section 7 lays out the details of the applications in which the benefits of s-reps statistics
have been shown. In brief, diagnostic classifications of two brain structures in two
diseases have been shown to be improved by s-reps over boundary point representations,
high quality segmentations by posterior optimization of multiple organs in both CT and
3D ultrasound have been produced using shape priors based on s-reps, and useful
hypothesis testing by locality and by s-rep feature has been demonstrated.

7. How to compare representations and statistical methods

Given all of the different shape representations discussed in Section 2, the analytic
approaches discussed in sections 3 and 4, and the statistical methods discussed in Section
5, an important issue is the comparison of them. One basis for this is knowledge of how
they work, which can lead to sensible choices in a wide variety of shape. But it is also
interesting to consider quantitative bases for comparison, which is done in this section.

5 Much of this Section appeared previously in [Pizer & Marron, 2017]; reprinted here by permission of the
copyrighter.



a. Classification accuracy
When a data set is naturally grouped into 2 (or perhaps more) subsets, e.g., pathology vs.
normal controls, various methods can be compared on the basis of classification
accuracy. The classification problem starts with a group of labeled data called the
training set, and the goal is to develop a rule for classifying new observations.
Classification accuracy is simply the rate of correct classifications, either for an
independent test set, or using some variation of the cross-validation idea. See [Duda,
Hart & Stork 2012] for access to the large literature on classification.

b. Hypothesis testing power
A related approach to comparing shape methodologies, again based on two well-labeled
subgroups in the data, is to construct a formal hypothesis test for the difference between
the groups. Quantification of the difference then follows from the level of statistical
significance, allowing a different type of comparison of the relative merits of various
approaches to the analysis. This was done to good effect in [Schulz, Pizer, Marron &
Godtliebsen 2015]. The most important contribution there was a technique for dealing in
a non-pessimistic way with the high positive correlation that always occurs among
geometric properties at nearby points on an object. The methods shown in that paper
involve commensurating the various local geometric properties by transforming them to
standard Gaussian probabilities. The methods not only work for a test on significance on
the whole shape description but also for correcting for multiple tests when testing
significance geometric property by geometric property.

c. Specificity, generalization, and compactness
In object statistics work in medicine, two common measures of the quality of a
probability distribution derived from data via its eigenmodes are specificity and
generalization [Davies 2002a].

Specificity is a measure of how well the estimated probability distribution represents only
valid instances of the object. It is computed as the average distance between sample
objects randomly generated in the computed shape space and their nearest members of
the data.

Generalization is a measure of how close new instances of the object are to the
probability distribution estimated from the training cases that do not include the new
instance. It is calculated by computing an average over the training cases of the distance
of that training case to the shape space specified by eigenmodes, where those eigenmodes
are produced using all but the left out training case. That distance is computed as between
the left out shape and its projection onto that shape space.

Both specificity and generalization are measured in units of geometric object property
differences, where example geometric properties are boundary locations, boundary
normal directions, or skeletal spoke directions. In our use of the specificity and
generalization measures for s-rep based probability distributions, reported in section 8d,
the distances only use corresponding boundary locations and are not based on the



additional features of the full s-rep. In particular, for specificity the measure is the
boundary-location-based distance between a random object from the shape space over
s-reps to the training object that is nearest according to the boundary location-based
distance. For specificity the measure is the boundary-location-based distance between a
training object and its projection onto the shape space over s-reps.

Compactness is a measure that quantifies how tight a probability distribution is. Two
measures of compactness that are often used are the entropy of the distribution and the
determinant of its covariance matrix (total variance).

d. Compression into few modes of variation
The Euclidean PCA decomposition of data into modes of variation is also frequently
understood from a signal processing viewpoint. In that case a signal that is actually
generated from few dimensions is modified by noise. Noise is high dimensional by
definition of having energy across the spectrum. PCA provides a data-driven basis (in the
sense of linear algebra) that puts as much of the low dimensional signal as possible into a
few basis elements with largest variance. Many of the gains in statistical efficiency, such
as those discussed in Section 4, can be understood as providing better signal compression
in these terms.

However, this analogy fails in the presence of shape signals, which tend to be widely
spread across the PCA spectrum in Euclidean data. In particular, the standard Euclidean
assumption of all of the signal being present on in the first few eigenvalues is usually
misleading because nonlinear shape signals tend not to lie within a Euclidean space of
low dimension so both signal and noise typically spread power among many eigenvalues.
The result is that very noisy data can be measured to require fewer eigenmodes to achieve
a given fraction of total variance than less noisy data. Hence standard dimension
reduction approaches, based on “total signal power” or “percent of variation explained”,
are usually inappropriate.

Yet there is still a natural desire to think in terms of effective dimensionality, i.e., the
concept that the true underlying signal has much less variation than is present in noisy
data. Ideas based in random matrix theory are promising avenues for research in this
direction. See [Yao, Bai & Zheng 2015] for good discussion of using this powerful
theory in the context of Euclidean PCA. The first important part of this theory is the
asymptotic probability distribution of the full collection of eigenvalues under a pure noise
model, called the Marc¢enko-Pastur distribution [Marcenko & Pastur 1967]. The second
part is the corresponding limiting distribution of the largest eigenvalue, called the Tracey
Widom distribution [Tracy & Widom 1996].

As yet, little development of Marc¢enko-Pastur theory for data on curved manifolds
appears to have been done. An exception is unpublished research in progress by Choi,
Pizer and Marron. That work is studying analogs of limiting distributions of eigenvalues
in the case of PNS. Eigenvalues are defined in terms of sums of squares of scores, i.e., of
the energy measured along the manifold surface. Careful study has revealed appropriate



scale factor modifications that take the curvature of the space appropriately into account.
These yield variations of the Marcenko-Pastur distribution that, as illustrated in Figure
12, are seen to effectively fit simulated data on the high dimensional sphere very well.
Both panels are Q-Q plots showing quantiles of the theoretical Mar¢enko-Pastur
distribution on the vertical axis as a function of quantiles of the empirical distributions on
the horizontal axis. A good distributional approximation is indicated by the points lying
close to the red 45° line.
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Figure 12. Q-Q plots showing poor goodness of fit of the Marcenko-Pastur distribution to
the raw PNS eigenvalues in the left panel and good fit to the rescaled eigenvalues in the
right panel. The data consists of simulated Gaussian noise on a d=1000-dimensional
tangent plane projected to the unit sphere with sample size n=100. The notation “tau”
refers to PNS eigenvalues, and the notation “beta” refers to the rescaled version.

8. Results of 6classiﬁcation, hypothesis testing, and probability distribution
estimation

A good approach to comparing shape analysis methods is to study their impact when used for
various applications. This Section reviews some recent work, with many specific
applications of the above ideas.

a. Classification of mental illness via hippocampus and caudate s-reps
[Hong, Vicory, Schulz, Styner, Marron & Pizer 2016] compared boundary point
distribution models (PDMs) vs. s-reps and Euclideanization vs. direct Euclidean analysis
of the ambient space coordinate values in classifying a hippocampus as to whether it was
from a typical individual (control) or from a first-episode schizophrenic. The
hippocampus was represented using a 3 x 8 skeletal grid (on each side of the skeleton),
and the analysis was done using 238 schizophrenics and 56 controls. They showed that,
according to areas under the Receiver Operating Characteristic curve (ROC) [Hanley &
McNeil 1982], Euclideanizing boundary PDMs produced better classification than

 Much of parts a-d of this Section appeared previously in [Pizer & Marron, 2017]; reprinted here by
permission of the copyrighter.



without Euclideanization and that Euclideanized s-reps produced better classification
than either of the boundary-based analyses (Figure 13 and Table 8.1). In Table 8.1, as
well as Tables 8.2-3, “AUC” stands for the area under the ROC (the measure of
classification quality), “PNS” stands for Euclideanization by Principal Nested Spheres,
and “DWD” stands for the Euclidean classification method used, Distance-Weighted
Discrimination.

—sreps+PNS+DWD
—sreps+DWD

boundary srep-PDMs+PNS+DWD
—boundary srep-PDMs+DWD
---random guessing

4 0.5 0.6 0.7 0.8 0.9 1
False Positive

Figure 13. ROC:s for classifying hippocampi as to schizophrenia vs. typical using s-reps
and PDMs, each with original features and their Euclideanized counterparts.

0 0.1 0.2 0.3 0

Methods Hippocampus AUC [ Caudate AUC
s-reps + PNS + DWD 72 75
s-reps + DWD .67 -—-
boundary s-rep PDMs + PNS + DWD .70 T2
boundary s-rep PDMs + DWD .67 -—-
Random guessing .5000 .5000

Table 8.1. AUCs for classifying hippocampi or caudate nuclei between individuals
having experienced a first schizophrenic behavioral episode and controls. The
classifications compared are based on s-reps, respectively for row 1) s-reps analyzed
using PNS Euclideanization, 2) s-reps analyzed without Euclideanization, 3) spoke end
boundary points analyzed using PNS Euclideanization, 4) spoke end boundary points
analyzed without Euclideanization, 5) pure random guessing

As also shown in Table 8.1, similar results were obtained on the same population of
subjects for the caudate nucleus that was represented using 4 x 8 grid of skeletal points.

Hong et al. also showed the usefulness of displaying the variation of the object along the
vector in the Euclideanized feature space passing through the pooled mean and in the
separation direction (see Figure 11) of the classes (Figure 14).
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Figure 14. Boundaries implied by s-reps of hippocampi: Left: at pooled mean - 2 standard
deviations in the separation direction for classification between first episode
schizophrenics and controls. Right: at pooled mean + 2 standard deviations in that
separation direction. The shape change between these can be particularly noted by the
changed bending in the right third of the hippocampus.

Hong et al. [2018] further evaluated s-reps for the classification of autism vs. controls via
hippocampal or caudate shape imaged via MRI for at-risk subjects at the age of 6 months.
That is, the classification was between babies who would show autistic behavioral
symptoms two years later and those who would not. The hippocampus was represented
using a 3 x 8 skeletal grid (on each side of the skeleton) and the caudate nucleus was
represented using a 4 x 8 skeletal grid (on each side of the skeleton). The analysis was
done using 49 subjects who eventually displayed autistic symptoms and 149 who did not
display such symptoms.

Methods Hippocampus AUC [ Caudate AUC
s-reps + PNS + DWD .6400 .5708
s-reps + DWD .6123 .5419
boundary s-rep PDMs + PNS + DWD .6062 .5400
boundary s-rep PDMs + DWD .6050 .5365
Global volume + DWD .5560 5372
Random guessing .5000 .5000

Table 8.2. AUCs for classifying hippocampi or caudate nuclei between children at high
risk for Autism Spectrum Disorder actually developing autism symptoms and those not
developing autism symptoms. The classifications compared are based on s-reps,
respectively for row 1) s-reps analyzed using PNS Euclideanization, 2) s-reps analyzed
without Euclideanization, 3) spoke end boundary points analyzed using PNS
Euclideanization, 4) spoke end boundary points analyzed without Euclideanization, 5)
s-rep-implied volume only and 6) pure random guessing

Similarly to Table 8.1, Table 8.2 shows that 1) s-reps analyzed with PNS yield notably
better classification than with boundary points; 2) much less gain in classification quality
occurs when the s-reps are not Euclideanized; 3) little gain in classification quality occurs
when the boundary points are not Euclideanized; 4) at least for the hippocampus, global
volume gives inferior classification relative to any of the shape representations.



Hong’s results above were on unrefined s-reps. In yet unpublished work Wang [2019] has
shown that when the analysis is repeated on those s-reps after refinement, the same AUC
value is obtained. That is, the measure of the classification neither increases nor
decreases.

Finally, [Hong 2018] showed how to better skeletally represent an object like the caudate
nucleus that approximately ends at a cusp of zero width. He developed a new primitive
that represented one end of the s-rep narrowing to a cusp. That primitive consists simply
of the location of the cusp and the tangent direction of the cusp. He showed how to
interpolate a skeleton of an object with the grid s-rep augmented by the new primitive
and how to fit such a skeleton to caudate nuclei. When these new skeletons were used for
the caudate classification in the autism data, the AUC (in the upper-right entry of Table
8.2) became .587; that is, it added .016 to the AUC derived from the s-rep without the
cusp primitive.

For all of these area under the ROC measurements one would wish error bars.
Unfortunately, it is not known how to compute error bars for this measurement when it is
made with repeated holdouts, which results in complicated correlations among the values
for different holdouts. Our group is researching what other measurements might allow the
computation of error bars. At present, all we can say is that consistently across two
anatomic objects and two diseases the addition of the object width and direction features
provided by s-rep spokes increases the area under the ROC in classifications by a few
hundredth values. Lest one feel this is a small difference, note that it is around % of the
difference in AUC between random guessing and classification using global volume of
the object.

Looking at the classification results together, we see that for boundary point
representation, PNS Euclideanization makes only a small improvement in AUC, but for
s-reps it makes a notable improvement in AUC. And using s-reps to capture not only
location information but also object widths and spoke directions consistently yields
notable improvement in AUC over using locational information alone.

b. Hypothesis testing via s-reps
[Schulz, Pizer, Marron & Godtliebsen 2015] demonstrated the ability to test hypotheses
on shape variation between two objects using s-rep features. They showed how to do not
only global hypothesis tests but also GOP (geometric object property)-by-GOP and
location-by-location tests. The method involved a modification of the statistical technique
of permutation tests in a way that recognizes that means benefit from being backward
means and that GOP differences need to use a metric appropriate for curved manifolds.
As discussed in Section 7b, this work reported a new method for compensating for the
notable correlations of these GOPs. With this approach they were able to analyze which
locations on hippocampi of first-episode schizophrenics had statistically significant GOP
differences from controls, and which GOPs had those statistically significant differences.
Thus they found important shape differences between the classes.



c. Shape change statistics
[Vicory 2016] studied statistics on the change of object shape between two stages.
Realizing that statistics on change requires transporting each object pair such that the
starting object was at a fixed place on the manifold of objects, he solved this problem by
pooling all 2n objects in the n shape pairs in the training set, producing a polar system by
PNS on the pool of GOP tuples, Euclideanizing each object according to that polar
system, and then producing Euclidean (ordinary) differences between the Euclideanized
features of each pair.

Vicory [2016] studied this method in two applications. The first was on ellipsoids that
were randomly bent and/or twisted. The GOPs in this study were the boundary point
coordinates provided by spherical harmonic analysis. His findings with simulated data
produced from random samples from a single transformation type were as follows: 1)
Analysis either with or without Euclideanization yielded a single correct eigenmode. 2)
Analysis with Euclideanization allowed more accurate estimation of an object’s bending
or twisting angle. 3) When the mode of variation was visualized, the object moved more
naturally than using PCA alone. He also found that when the simulated data came from
random bending cascaded with twisting, both types of analysis yielded two modes of
variation but Euclideanization allowed a more correct estimate of the relative variances
and mean deformations that were closer to the expected deformations than their
PCA-alone counterparts.

Vicory’s second test was on prostates segmented from MRI and the same prostate within
3D transrectal ultrasound; the latter was deformed by the ultrasound transducer
(discussed in more detail in Section 8e). The shape-change eigenmodes were used as a
shape space within which to segment the prostate from the ultrasound image, given the
patient’s prostate shape derived from his MRI. The geometric object properties he used
were the skeletal points, spoke lengths, and spoke directions from fitted s-reps. He found
that using the shape-change space resulting from Euclideanization followed by
subtraction yielded more accurate segmentations than when a shape space was formed by
s-rep feature differences applied to the mean of the prostates in the training MRIs and
then applying CPNS to the resulting objects. For a target segmentation using that superior
method, it was necessary to form an ultrasound-relevant starting prostate s-rep from
which the optimization over the shape-change shape space would be computed. That
initialized s-rep in the ultrasound image was computed by starting with the patient’s
in-MRI prostate s-rep and then applying to it (adding in the Euclideanized form) the
mean prostate s-rep difference between the ultrasound-based prostates and their
corresponding MRI prostates.

Recently Hong has applied this shape-change Euclideanization approach to two classes of
pairs of shapes, at two different ages, namely 6 and 12 months. For each anatomic object
he analyzed, he pooled all his objects for children at both 6 months and 12 months to
yield a Euclideanization. Then he analyzed shape changes via this Euclideanization to
determine how informative shape differences in the hippocampus and caudate nucleus,



respectively were between children at high risk for autism who do not develop autistic
symptoms and those at high risk who do develop such symptoms. However, as shown in
Table 8.3 (from [Hong 2018]), the classification based on the shape difference provides
poorer classification than either of the classifications of 6-month shapes and 12-month
shapes. As previously noted, in that table “AUC” stands for the area under the ROC (the
measure of classification quality), “PNS” stands for Euclideanization by Principal Nested
Spheres, and “DWD” stands for the Euclidean classification method used,
Distance-Weighted Discrimination.

Methods Hippocampus | Caudate change
change AUC AUC
temporal difference s-reps + PNS + DWD .5427 5041
6 month s-reps + PNS + DWD .6400 .5087
12 month s-reps + PNS + DWD 5837 .5605
random guessing .5000 .5000

Table 8.3. AUC:s for classifying between children at high risk for Autism Spectrum
Disorder actually developing autism symptoms and those not developing autism
symptoms. The classifications compared are based on hippocampi or caudate nucleus
s-reps, respectively for 1) temporal shape differences at 6 months and 12 months, 2) 6
months’ shapes, 3) 12 months’ shapes, and 4) pure random guessing

d. Correspondence evaluation via entropy minimization
The basic idea of correspondence optimization is to consider all reparametrizations of
each object in a population and to find the reparametrization of each that produces the
tightest estimated probability distribution. The notion of reparametrizing an object
representation is to apply a diffeomorphism on the boundary surface or skeletal surface
while leaving the object geometrically the same. For a spatially sampled object boundary,
that is a fancy way of saying how to shift the respective sample points along the
boundary. For example, if an object of spherical topology is understood as a smooth
1-to-1 mapping from the unit sphere’s boundary to the object boundary, the shifting of
where each sphere point maps to on the object is a reparametrization [Kurtek, Srivastava
et al. 2013, Brechbueler, Gerig et al., 1995]. For s-reps the shifting is of spokes along the
skeletal surface.

The tightness of a probability distribution can be measured in many ways, but the ones
that have turned out to be the most effective are based on information theory. Taylor and
his team [Davies 2002b] pioneered a form based on minimum description length (MDL),
and an almost equivalent form based on entropy was developed in Whitaker’s laboratory
[Cates 2007]. In these works one uses objects represented according to the specified
parameterization, and one fits the population of GOPs derived from these
parameterizations by a Gaussian distribution. Then the entropy of this Gaussian is
minimized over all object reparameterizations, while also penalizing irregularity of the
discrete object samples (points on a boundary or spokes on a skeleton).



The entropy of an n-dimensional Gaussian is given by
n (2 In(2 T +1) + the mean of the logarithms of the principal variances).

A difficulty is that when the idea is applied to a probability distribution estimated from
data by a PCA or PCA-like method that involves Euclideanization, the successive sorted
principal variances get successively smaller and eventually are dominated by noise in the
data. Thus, each logarithm of these small principal variances is very large in magnitude,
so these noise-induced principal variances dominate the population principal variances in
the entropy calculation. Cates et al. [2007] dealt with this problem by adding a small
constant to each principal variance. [Tu, Styner, Vicory, Paniagua, Prieto, Yang, Pizer
2015] dealt with it by cutting off the series when the ratio of the principal variance to the
total variance fell below a certain threshold.

Cates et al. [2007] showed that entropy minimization for GOPs that were a boundary
point distribution could yield improvements in hypothesis testing significances. In their
work boundary points were slid along the boundary to minimize entropy. [Tu, Styner,
Vicory, Paniagua, Prieto, Yang, Pizer 2015] developed the same idea for s-reps, whereby
the skeletal spokes were slid along the skeletal surface to minimize entropy. They showed
(Figure 15) the result that, according to the measures described in Section 5c on a training
set of hippocampi, when the s-rep-based correspondence method was applied, the
boundary points at the ends of the spokes had better (lower) values of the statistical
properties: specificity and generalization (see Section 7c) than when the Cates boundary
point shifting method was applied. This result is surprising and arguably indicative of the
strength of s-reps because the object comparisons used in measuring specificity and
generalization were based on boundary point distributions, so one might have expected
that optimization directly of boundary point shiftings, i.e., the Cates method, would be
superior.
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Figure 15. Generalization and specificity improvements due to s-rep-based and
PDM-based correspondence optimization. Smaller values indicate better performance.

e. Segmentations by posterior optimization

An important application of shape statistics is segmentation in medical images, where the
goal is to find the region of an image occupied by an object such as a particular organ. A
series of successive improvements in shape analysis resulting in improved image
segmentation can be found in [Pizer 2001, 2013], [Fletcher 2004], [Rao 2005],
[Gorczowski 2007], and [Vicory 2014, 2016].

For many years Pizer, Chaney, et al. (Chapter 9 in [Siddiqi and Pizer 2008]) worked on
the segmentation of male pelvis organs from CT to aid radiation treatment planning for
prostate cancer. Their method involved an earlier form of s-reps and used them in both
terms of a posterior optimization approach, slightly modified to make the log prior and
log likelihood terms have the same variance. In the log prior (shape statistics) term each
organ’s s-rep statistics was used, and in the log likelihood (statistics of the match between
the image and the object geometry), intensity-derived features at positions implied by
interpolated s-rep spokes were used to produce statistics by PCA. This method was taken
over by a spinoff company, Morphormics, now part of Accuray, Inc. With further
modifications of the method by Morphormics, the evaluations of the method showed it to
be superior to various competitors [Morphormics 2008] and were brought into broad

clinical use.



In another segmentation application, Vicory [2016] worked on extracting the prostate
from 3D trans-rectal ultrasound (TRUS), in which the intra-rectal probe deforms the
adjacent prostate. The method was given the shape of that patient’s prostate in an MR
image that did not have the ultrasound probe in place. His term measuring the match
between the image and the object geometry in the objective function he optimized that
involved intensity and as well, 48 texture features. It classified each pixel according to
that 49-tuple, with the result being the probability, p(inside), that the pixel was inside the
prostate (see the left panel of Figure 16). Then his term measuring the match between the
image and the object geometry for paired regions respectively inside and outside a
particular patch within the s-rep-implied boundary was

t he [(pm pom‘ pin + piout _ 1\] ,
patches i

where pi:" and pl?'” are the average p(inside) values for the regions inside and outside,

respectively, the i patch. Each patch was a quadrilateral centered at an s-rep spoke tip
and extending halfway to the adjacent spoke in each of the two cardinal directions of the
skeletal surface’s grid of points. Thus, it used the correspondence across prostates
provided by the s-rep.

Vicory’s log prior used the shape change statistics method described in Section 8c,
namely on the change between the prostate s-rep in the patient’s MRI and that in the
patient’s 3D TRUS image. It was intended that this method be followed by a local
refinement step, but this refinement was never studied. Nevertheless, even without
refinement the method’s segmentations (see Figure 16) were competitive with others that
had been proposed (e.g., [Garnier 2011], [Qiu 2014])

Figure 16. Left: an example of the p(inside) image of a prostate derived from a 3D TRUS
image; Middle: the prostate before the shape change; Right: the resulting prostate
segmentation from the 3D TRUS image, i.e., after the shape change.



9. The code and its performance

The code for fitting an s-rep with a skeletal surface to an object boundary, s-rep
visualization, and s-rep statistics (via PNS) is becoming part of Slicer Shape AnaLysis
Toolbox (SlicerSALT), a web-resident toolkit that was first announced at MICCAI 2018.
While the previous versions of code for these purposes were hard to understand and use,
the version in the toolkit is designed for clarity of use and modification. Moreover, the
computer representation of the s-rep used in that toolkit is more generalizable and closer
to the mathematics than the “legacy representation” used in the previous versions of the
code’. In the SlicerSALT s-rep code [Liu 2019] automatic fitting of an s-rep to an object
boundary takes approximately 5 to 10 minutes. In that code the input object is given as a
triangle mesh, but extension to representations of the input object in the form of a binary
image or in the form of a signed distance-to-boundary image are anticipated.

The generalizations of s-reps that will ultimately be included in the Slicer-SALT package
will include generalized cylinders, i.e., quasi-tubular objects that are well represented by
a skeletal curve rather than a surface.

The s-rep code in SlicerSALT is for single objects, but we have ongoing research on
multi-object models, i.e., models that don’t simply concatenate the individual objects’
s-reps but also capture s-rep-derived geometry on the relations between the objects
[Damon 2017]. Because objects can slide along each other, this is a challenging problem,
yet one we are making progress on.

Some objects have essential branching of the skeletal surface. The branches represent
essential protrusions or essential indentations. Because so many anatomic objects can be
represented by s-reps without branching, there has been little work on those with essential
branching. What little work on s-reps for objects with protrusions or indentations has
treated each branch as having its own s-rep and has provided a way for the branch to be
additively (for a protrusion) or subtractively (for an indentation) connected to the parent
s-rep [Han 2008]. Yushkevich and his colleagues have worked on branching with their
cm-reps [Pouch 2015].

1. Weaknesses of the skeletal approach

While s-reps have been shown to be a powerful representation for applications using
shape statistics, some objects for which statistics are needed are not suitably represented
by a skeletal model. These include objects that need variable skeletal topology, for
example, that vary with some instances of a skeletal surface becoming so narrow that
they approach a curve. They also presently include objects with variation in the branching
arrangement, for which tree statistics would need to be combined with that on the skeletal
descriptions of the branches; methods of tree statistics, while of great interest, are still

7 The s-reps displayed in figs. 1 and 6 are of the form used in the toolkit, but the s-rep-implied boundaries
shown in a variety of figures were all created using the legacy form of the s-rep.



under development [Aydin et al. 2009, Shen et al. 2014, Skwerer et al. 2014, Bendich et
al. 2016].

Open questions on s-reps include

1) quantitative comparisons between Yushkevich’s cm-reps and s-reps;

2) the production of statistical methods on s-reps that work directly on the
polysphere manifold;

3) the use of other statistical analysis techniques such as Fletcher’s Bayes [Zhang
2013] or Sommer’s Brownian motion induced Gaussians [Sommer 2015] in s-rep
applications.

4) improvements in the representation of generalized cylinders (“quasi-tubes™) via
s-reps and doing statistics thereon.
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