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Abstract

In this paper, we extend the deformable single figure object m-rep model to the multi-figure object m-rep model. We then use the multi-figure m-rep model in multi-scale segmentation of multi-figure anatomic objects from medical images.  Multi-figure m-rep geometry, and in particular, the subfigure representation and subfigure-host figure relations are examined. Series of transformations related to multi-figures including host figures and subfigures are described. Some preliminary segmentation results using deformable multi-figure m-rep model are presented. 

1. Introduction

M-reps, a medial multiscale representation, which is extensively described in [Pizer 2002a, b] and [Fletcher 2002], describes an object at successive smaller scales following a coarse-to-fine hierarchy. In that representation object descriptions are based on figural, medial models, defined at a coarse scale by a hierarchy of figures – protrusion, indentation, neighboring figures, etc. In [Pizer 2002b] and in [Joshi 2001], schemes of multiscale deformable m-rep model segmentation on anatomical objects using a single figure m-rep model are described. Each figure is described as a manifold with closure of medial atoms (Fig. 1) together with a boundary displacement function on the medially implied boundary. In [Fletcher 2002], a single figure m-rep segmentation strategy is extended to handle the ensemble of non-overlapping, single-figure objects. 

In this paper, we describe multi-figure m-rep geometry and segmentation involving deformable multi-figure m-rep models. For that purpose, we develop a library of multi-figure transformation operators. We also add two segmentation stages, namely, the host figure stage and subfigure stage to reflect the multi-figure representation of the model. With this capability, we are able to describe more complex objects in a fully hierarchical way and to segment medical images robustly and efficiently.

In section 2, after a brief introduction on single-figure m-reps, we describe multi-figure m-rep geometry, in particular, the representation of subfigures. Two kinds of subfigure/host figure relationships, namely, protrusion and indentation are described. Hinge atoms, which connect the subfigure to the figure, and their relationships with both the subfigure and the host figure are illustrated. We also outline various types of transformations that multi-figure m-rep objects are capable of. In section 3, we describe the subfigure transformations at atom level implied by the deformation of the host figure. In section 4, we introduce and discuss a library of subfigure transformations at a figural level on the surface of the host figure.  The behaviors of the hinge atoms during those transformations are discussed.  In section 5, we present the boundary calculation and blending techniques to provide a smooth attachment of the subfigure to the host figure.  In section 6, we present a full segmentation scheme using a model formed from an ensemble of multi-figure m-rep objects. This scheme is an extension to the segmentation of an ensemble of non-overlapping, single-figure objects with additions of operations at host figure and subfigure stages. In section 7, we apply segmentations via multi-figure m-reps in using a two-figure liver m-rep model and a four-figure cerebral ventricle m-rep model from MRI images. The segmentation results are presented and discussed. In section 8, we make conclusions and discuss future work.

2. Multi-Figure M-rep Geometry
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Fig. 1. An internal medial atom and a sheet-edge medial atom, each with implied boundary.

While the single figure m-rep has been well described in [Pizer 2002a], we briefly describe it here since it provides the foundation for multi-figure m-reps. A single figure m-rep is the closure of a 2-manifold of medial atoms (see Fig.1), where an interior medial atom is a medial position at which two vectors (called port and starboard spokes) of equal length r share a tail and where a sheet-edge medial atom in addition is equipped with a bisector vector of the two spokes of length greater or equal to the common spoke length.  This medial representation implies a boundary that is incident to and orthogonal to the spoke tips for each spoke and at the bisector vector tip. The locus of bisector tips for sheet-edge medial atoms forms the crest cycling the boundary of the figure. 

We denote by (u, v) coordinates parametrizing the medial manifold, i.e., moving on the positional locus forming the skeleton of the figure. Realizing that the crest region is geometrically special, we will denote by t the coordinate that describes the side of the figure corresponding to either the starboard spokes (t=+1) or the port spokes (t=-1) and that takes one around the crest (at t=0) by passing from t=-1 continuously to t=+1. 

Because medial atoms carry a frame (i.e., a 3D orientation), an origin (i.e., a 3D location), and a width r (i.e., a local metric), we can write any medial atom as a translation, rotation, magnification, and object angle change relative to any other medial atom, and we can consider these changes in the coordinate system of that other medial atom. Thus, an atom can be written in the coordinate system of a neighbor atom in its figure, an atom can be written in the coordinate system of a host figure to which it is an attached subfigure, and an atom can be written in the coordinate system of a neighboring object.

Although it is natural to use a single figure m-rep to represent generically slab-like objects or tube-like objects in degenerated cases, in the real world, most objects are much more geometrically complex than a single slab or tube can effectively describe.  Multi-figure m-rep provides power and versatility in representing and understanding a wide variety of the objects in a simple, natural and elegant way. It fits naturally with our general approach of coarse-to-fine and multi-scale hierarchy. With multi-figure m-reps we can describe objects at an appropriate number of levels by recursively attaching the host figures with subfigures which themselves can have their own subfigures as well. For example, a human hand can be represented by a host figure, i.e., a palm, with five subfigures, i.e., five fingers, attached to the palm. A tree can be represented by a host figure, i.e., the main trunk, and a number of subfigures, i.e., the big limbs attached to the trunk. Some limbs may have their own small limbs as subfigures. This process can go on and on in a hierarchical fashion. At each scale, each figure has its own local figural coordinate system and can easily find its relationship with its host figure and with its subfigures if it has any. With m-reps there is a choice of the scale at which the hierarchy should stop, as the final scale of the hierarchy captures the new details by boundary displacements. This suggests a natural data structure for an object: a tree of figures, where the main figure is the root, together with a displacement field on the resulting boundary. More general objects may require a directed acyclic graph of figures rather than a tree.
A subfigure is itself an m-rep figure that is attached to another figure, namely the host figure. Whereas in [Blum 1978], a subfigure is described via a branching skeleton, we have a different view, in which a medial atom is a primitive that covers an infinitesimal cross-section of the object interior, leading to seeing a subfigure as riding on the medially implied boundary of the host figure. We define the subfigure medial atoms attached to the host figure as a closed 1D manifold (curve) of hinge atoms whose positions are on the medially implied boundary of the host. This hinge atom manifold connects the subfigure to its host figure and has the effect of removing a section of host figure’s boundary under the subfigure connection. Each hinge atom can be known in position and orientation by the figural coordinate (u, v, t) of the host’s boundary point at which it is located and the orientation of the host’s figural coordinate system there. It is the hinge that serves as a bridge between a host figure and a subfigure. The consequence is that as the host figure moves or deforms, the location and normal of the point with the hinge (u, v, t) changes and so correspondingly does each non-hinge atom in the subfigure. As a result the whole subfigure can change its shape and position accordingly. The subfigure can also move, rotate, shrink, widen and hinge on the host figure surface while the host figure stays put. This process will propagate recursively with the scale down until the lowest figural scale level is reached.
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Fig. 2. Left: a 2D schematic of an object consisting of a tree of figures (protrusions and indentations). Discrete samples of the continuous manifolds of medial atoms are shown. Discrete hinge atoms on the subfigures are circled, their implicit connections to the parent shown as dotted lines. Right: a 3D object consisting of a host figure and a subfigure, whose medial sheets are represented by quad-meshes. Enlarged nodes show the discrete hinge atoms.

2.1. The effect of the hinge

There are two types of subfigures (Fig. 2 Left), additive ones and subtractive ones. An additive subfigure hinged on a host figure boundary forms a protrusion growing out of the host figure. A subtractive subfigure hinged on a host figure boundary forms an indentation growing into the host figure; if it is not hinged, it can form a hole in the host figure. The choice between protrusions and indentations provides options in describing object(s). For example, a human hand can be either represented with a palm as a host figure and five fingers as protrusion subfigures or represented with a host figure that includes a mitten and four indentation subfigures that are the four regions between neighboring fingers. 

In medical image segmentation, it is natural and robust to model some anatomical objects as multi-figure m-reps. For example, because of the subdivision anatomic of liver into lobes, a liver (Fig. 3 Left) can be modeled as a two-figure m-rep object with a host figure and a subfigure attached to it. A cerebral ventricle (Fig. 3 Right) can be modeled by a four-figure m-rep object with the atrium forming the host figure in the middle and the lateral, occipital, and temporal horns forming subfigures attached to it.

Having described the multi-figure m-rep geometry, we introduce the transformations performed at different stages corresponding to different primitives used at that stage. In a multi-figure m-rep for a single object, we have 5 geometric entity types: the object, the main figure, one or more subfigures, the medial atoms, and boundary tile vertices. Each entity type has a class of transformations associated with it. 

An object, as we pointed out before, is a tree of figures with a main figure as the root. Two classes of transformation can be applied to an object: first, the similarity transformation, where everything on the objects moves or scales uniformly, and second, combinations of precomputed global object warps applied to the consituent medial atoms. These warps are typically principal component (geodesic) warps [Fletcher 2003] computed from a population of the object. 

Host figure and subfigure transformations are used to deal with the scenario that instead of the whole object transforming uniformly, the various figures of the object transform in sequence. When a figure transforms, it may be the subfigure to a host figure, or it may be the host to a subfigure, or both. The transformations of any figure take place via transformation of its non-hinge atoms, and the transformations of a subfigure can in addition take place by transformations at the subfigure hinge with its host. However, any host figure atom changes may lead to the changes of the hinge where a subfigure attaches itself to the host figure. Thus, the subfigure may change. Subfigure transformations, in contrast, do not affect its host figure at all. A subfigure can translate, rotate, scale, hinge, or elongate on the surface of its host figure, changing its position and orientation as a figure relative to the host figure. 

Atom stage transformations include atom position, orientation, scale, and object angle (and for end atoms, sharpness) changes in its own figural coordinates. While atom transformations won’t affect any figures above its figure’s current level at the hierarchy, they may affect that figure’s subfigures through their hinges, if they intersect the boundary region controlled by the atom. The boundary transformation includes only boundary displacement and affects the boundary of the whole object, not any figure-subfigure geometry.
For implementation purposes we represent each continuous sheet of medial atoms with a discrete grid, specifically a quad-mesh, of medial atoms, and while in the continuous case, the hinge at which the subfigures attached to the host figure is a continuous curve, in the discrete case, the hinge is represented with the atoms of either an end row or end column of the subfigure.
. Such an m-rep mesh of medial atoms for a figure should be thought of as a representation for a continuous manifold of atoms and a corresponding continuous implied boundary. In a quad-mesh, the distribution of the discrete medial atoms is determined in a coarse-to-fine manner. The finer the scale gets, the more medial atoms are in the quad-mesh. New atoms at finer scale are interpolated from its neighbors at its immediate coarse scale, and residue atoms are designated on the finer mesh. For now, we use a single mesh and thus do not have medial residues, except between the single medial scale level and the figural scale level. 
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Fig. 3. Multi-figure m-reps of cerebral ventricle and livers. Left: A 2-figure m-rep of a liver where the cyan figure is the host figure and the purple lobe is a subfigure attached to the host figure at the hinge. Right:  A 4-figure m-rep of a cerebral ventricle where there is one host figure in the middle and 3 subfigures attaches to it by the hinges. 

3. Sub-figural Atom Transformations Implied by Host Figure Deformations

When there is a geometric transformation of a host figure, its boundary positions and orientations and the associated host figure radius change their values, and the hinge must change accordingly. As a consequence of the hinge change the rest of the subfigure that is attached to the host figure by the hinge must correspondingly transform, according to the geometric relations between neighboring atoms. These relations are based on the representation of each atom in the model’s figure in the figural coordinates of each of its neighbors, and the atom transformations they imply are propagated from the hinge all the way through out the whole subfigure to the other end.

The new positions and orientations of the hinge atoms are computed by the boundary positions and normals computed from its neighboring host figure atoms in the discrete quad-mesh of the host figure.  Then for each chain from a hinge atom to the other end of the subfigure, each non-hinge atom is updated to be at an average of the predictions from its already placed immediate neighboring atoms. However, to account for the discrete representation, this process is regularized to prevent boundary folding, by applying each new atom positioning in a sequence of fractional steps rather than a single whole step. The process starts from the hinge atom and is applied atom row by row in sequence all the way to the other end of the subfigure medial sheet. Finally, after all subfigure atoms have already updated their positions and orientations, all the implied boundary points of the subfigure, including the blend into the host, are re-computed using the new subfigure medial atoms, and the hole in the host figure boundary produced by the subfigure with its blend is also recomputed.  

Fig. 4. Effects on a subfigure of a host figure transformation. 

4. Subfigure Transformation

A subfigure can transform as a figure by moving around on the medially implied surface of its host figure. In particular, it can translate on that surface, can rotate either on the surface or about the hinge, and can widen, shrink in either direction. In addition it can elongate. These basic transformations at the subfigure scale levels form a key component of the coarse to fine hierarchy in multi-figure image segmentations. All of the transformations but the elongation change the hinge atoms and consequently the other atoms in the subfigure in the way described in the last paragraph of section 3. 

These four hinge-moving transformations all take place in the host figure boundary’s (u, v, t) coordinates, and are all implemented via the diagram shown in Fig. 5. The boundary is unfolded into a pattern cyclic in the horizontal  and vertical directions such that geometric transformations in (u, v, t) get interpreted as geometric transformations in the plane of the cyclically repeated diagram. Strictly, the diagonal edges are implemented as a horizontal edge and a vertical edge that are identified with each other. The constant  is chosen to make the distances on the boundary around the crest comparable to the distances along the boundary opposite the medial locus for t = (1.
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Fig. 5. Planar sheet unfolded from a m-rep figure surface. The two rectangle regions where the (u,v) coordinates are in the middle are the top face with t=1 and the bottom face with t=-1. Moving in these regions changes (u,v) but leaves t fixed at (1.The remaining regions are crests, in which t varies. The parameter  relates distances on the slab faces to distances on the crest.

The five subfigure transformations are detailed in the following. 

1. Translation. Translation enables a subfigure to move freely on the surface of its host figure in any direction in the host figure (u, v, t) figural coordinates. Any translation is decomposed into two components, (u and (v. In the crest region where either u or v is at its extreme, the translation in that direction is seen as a translation in the t direction. In the case of a continuous hinge, the hinge curve uniformly translates by (u and (v in u and v direction respectively on the host figure surface and then propagates the changes to the medial sheet of the subfigure that attaches to the host figure at the hinge. In our discrete implementation, the same transformation may be interpreted differently due to the original positions on the host figure surface of the medial atom and the value of (u and (v. Without loss of generality, we only discuss the subfigure translations in the u direction. Translations in the v direction are treated in the exact same way as translations in the u direction. Any combinations of both u and v are done sequentially, i.e., either u direction translation is performed first, followed by the v translation, or vice versa. We enumerate all the possible scenarios of subfigure translations as following cases:  

Case 1.  The atom is on a face of the host figure. If u+(u is within the range of u, then the  new u position is u+(u. if u+(u is out of the range of u, let (u =(u1+(u2 , where u + (u1  reaches the extreme of u. During this step of translation, v and t do not change. Then we start there and go to case 2 with (u=(u2.

Case 2. The atom is on a crest of u direction on the host figure surface and moves in the t direction with (u. We get (t by divide (u by α. If t+(t is within the range of t, then the  new t position is t+(t. if t+(t is out of the range of t, let (t=(t1+(t2 , where t+(t1  reaches the extreme of t. During this step of translation, u and v do not change. Then we start there and go to case 1 with (u=(t2 α.

Case 3. The atom is on a crest of v direction on the host figure surface and moves in the u direction with (u. If u+(u is within the range of u, then the new u position is u+(u. If u+(u is out of the range of u, let (u = (u1+(u2, where u+(u1 reaches the extremes of both u and v. During this step of translation, v and t do not change. Then we start there and go to case 4 with (v=(u2.

Case 4. The atom is on a crest of u direction on the host figure surface and moves in the v direction with (v. If v+(v is within the range of v, then the new v position is v+(v. If v+(v is out of the range of v, let (v=(v1+(v2, where v+(v1 reaches the extremes of both u and v. During this step of translation, u and t do not change. Then we start there and go to case 4 with (u = (v2.

After computing the new (u, v, t) position in the host figural coordinates for each hinge atom, each hinge atom moves to its new position on the host figure (u, v, t) surface. As a result, each subfigure hinge atom gets is new position and orientation, the latter chosen by the relation between the hinge atom and the host figure atom interpolated to the (u,v) of the attachment point. 

2. Rotation. In the continuous case, the hinge curve rotates an angle about its center on the surface of the host figure. The rotation effect is then propagated to the rest of the subfigure medial sheet. In the discrete case, each hinge atom rotates by the same angle about the position in Fig. 5 of the center of the hinge. Each hinge atom thus is moved to the new position and orientation the same way as it is done in subfigure translation operation. 

3. Scaling/Widening. In the continuous case, the hinge magnifies on Fig. 5 relative to its center on the host figure surface. The hinge curve may change its shape due to the irregularity of the host figure surface. In the discrete case, each hinge atom scales its relative distance to the center of the hinge by the same proportion, and the r of each atom is also scaled proportionately ??. Each  relocated hinge atom is handled in the same way as is done in subfigure translation operation.  

4. Hinging. In the continuous case, the hinge curve stays put, but the hinge atoms rotate about the hinge curve. As a consequence of the propagation the rest of the subfigure medial sheet rotates a uniform angle about the hinge. In the discrete case, the hinge atom centers stay put, and each subfigure medial atom in the subfigure medial mesh grid rotates an angle about the tangent to the hinge curve there in the plane tangent to the host figure boundary. 

5. Elongation. The hinge atoms stay put, while each non-hinge atom in the subfigure scales it relative distance to its hinge atom by the same proportion. In the discrete case, each atom in the subfigure mesh grid scales proportionally from the hinge.

During the subfigure transformation, sometimes we observe folding. Folding often happens when a subfigure moves on a irregular surface of its host figure. Any moderate subfigure transformation can dramatically change the orientation of the hinge atoms and subsequently affect the non-hinge atoms as well. This may lead to folding. In our implementation, we update the new subfigure atoms based on weighted predictions from its old position and orientation and from its neighbor atom position and orientation. We expect, also confirmed by our observation during the experiment of manual subfigure transformation, that when the subfigure transformation step becomes big or the host figure surface shape is too irregular, it is unlikely for the predictions of each subfigure atom to be able to maintain an appropriate level of uniformity and smoothness. As a consequence, the subfigure is subjected to folding.

As a solution, we decompose each big subfigure transformation into a sequence of relatively smaller step transformations (We name it as ( decomposition where ( denotes the length of a step). Since in each transformation, ( is very small, the resulting new figure boundary tends to be smoothing due to more accurate predictions from its neighbor and its previous position. Each transformation itself serves as a smoothing process. As the result, if ( is smaller enough, we should be able to avoid the folding problem.

Most subfigure transformations involve the transformations of the hinge atoms in the host figural coordinates. It is necessary to study the host figure geometry in order to design a strategy for the subfigure transformations.

With a general assumption, a host figure is a medial slab defined by its figural (u, v, t) coordinates. We can divide a host figure boundary into two types of regions: faces and crests. Fig.5 illustrates how we unfold the host figure boundary into a planar sheet. Face is a regular slab region where t is either –1 or +1 and u and v are continuously changing from 0 to their maximum values respectively. A host figure has two such separated regions. One is the top face with t as +1; the other is the bottom face with t as –1.  Crest is a type of region where either u or v has reached its extremes while t is continuously changing from one end to the other. There are four such crest regions for a host figure. In the crest region, we define the distance between the two boundaries connecting the two regular regions as a constant 2(. It indicates how wide a crest region is when measured with the same u and v figural units as it is in the regular region, i.e., the faces. The boundary connecting the two adjacent crest regions is where both u and v both reach their extremes. During each subfigure transformation that involves hinge position changes, the new hinge atom position is computed as the old hinge atom position plus a relative distance in terms of u and v directions. Whenever a hinge atom needs to move through a crest region in the t direction, the moving distance must first be converted into the units of t by dividing ( from the original value of (u or (v. Every subfigure transformation involving the hinge position changes is cyclic transformation in which any of the hinge atoms never leaves the surface of the host figures. Generally it is the u and v components of the relative distance that dictates the initial moving direction. However, depending on what region the current hinge atom is in, the interpretation of the transformation may be different. 

Since each hinge atom is registered in the host figure with its figural coordinates. Thus, any host figure transformation may affect the hinge atom position and orientation. When there is any transformation on the hinge atoms, the new position and orientation of each non-hinge atom will be partially predicted by its neighbor who is either the hinge atom itself or the atom that is the closest to one of the hinge atoms in the same of row or column in the subfigure figural coordinates. By this way, any changes on the hinge atoms will be propagated from the hinge to the other end of the subfigure medial sheet. 

5. Boundary Calculations and Blending

Each m-rep figure independently defines its own boundary. It is done by the subdivision using Thall’s method [Thall 2002]. The result of that subdivision is a tri-mesh.

Under the multi-figure situations, for example, a pair of a host figure and a subfigure whose medial sheet attaches to the host figure by a hinge,  their implied boundary surface meet and merge each other. Due to the merging, a designated section of the host figure boundary is no longer part of host figure boundary; a designated section of the subfigure is not a part of the subfigure boundary either. They form a blending region.

We need a new coordinate system for this blending region. We define the coordinate system (u, w, t), where u and t are coordinates of the subfigure take us around the subfigure, while the other coordinate denoted by w, is used to pass from the subfigure to the host figure. The detailed blending algorithm is presented in the following.


Qiong Han’s section goes here

6. Multi-figure Object Ensemble Segmentation

In the deformable multi-figure object ensemble segmentation, there are six levels of optimizations. At each level, there are certain types of transformations involved as well as our segmentation strategy. We describe the transformations performed at each level as well as our segmentation strategy. The transformations at six optimization levels are described as follows:

1. Object Ensemble level. This is the largest scale level, which may contain a number of non-overlapped multi-figure objects. A similarity transformation is performed against the whole object ensemble for a new position and orientation.

2. Object level. At this level, each object is either a single figure or multi-figure object.  A similarity transformation is performed against each object. Each object is placed in an optimal position relative to that predicted by nearby, already placed objects.
3. Host figure level. At this level, a figural level deformation is performed on the host figure only. However, the subfigures attached to the host figure may as well as adjust their position and orientation due to their connections with their host figure via the hinge atoms.
4. Subfigure level. At this level, each subfigure can transform their position, orientation and shape by translation, rotation, elongation, scaling and hinging. During the whole subfigure transformation, the host figure stays put. 
5. Medial atom level. At this level, in succession, each medial atom is optimally transformed in its 8 first order parameters: medial position, 3D orientation, figural width, and figural object angle; and neighbors are the up to 4 adjacent medial atoms. The necessary neighbor prediction can take place since each atom can be described, according to the model, in the intrinsic coordinates of a neighboring atom. 

6. Boundary level. It is the smallest scale level. At this level, finely spaced boundary tiling vertices implied by the m-rep are transformed by an optimal displacement along the medially implied normal. Neighbor boundary vertices predict the vertex in question to have the same displacement as they had previously. 
It should be noticed that, the host figure and subfigure transformation is a hierarchical and recursive process since it is entirely possible that at one scale, a figure is a subfigure of its host figure and at the next smaller level, it becomes a host figure of its subfigures. If we treat a multi-figure object as a tree with the host figure at the first level as the root, the host figure and subfigure transformation will be performed in successions from the root of the tree down to every leaf of the tree where every figure is a single figure. 

At each optimization level, an objective function is computed. An objective function summing geometric typicality and geometry-to-image matches is optimized to guide the corresponding transformation at that level. In our implementation, a conjugate gradient method is used to optimize the objective function at each optimization level. 

7. Segmentation Results

8. Conclusions and Discussions on Future Work
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